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Black Holes?
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In astrophysics, spaghettification is
the vertical stretching and horizontal
compression of objects into long thin
shapes (rather like spaghetti) in a
very strong non-homogeneous
gravitational field; it is caused by
extreme tidal forces. (Wikipedia)
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The fate of matter (1)

Spaghettification is the work of strong tidal forces.
The radial tidal force in the vicinity of a freely falling
object of mass mis:

AF =" A

r
where R is the Schwarzschild radius.

If the tidal force exceeds the cohesive forces of the
in-falling material, it will rupture.

Eventually this applies to atoms when the tidal
force exceeds the electrostatic force that binds
electrons to the nucleus:
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where m is the electron mass, a is the Bohr radius, and a the fine-structure constant.
For a 10 solar mass black hole, R = 30 km and thus rz = 3x106 a = 300 pm.



The fate of matter (2)

Hadrons get disrupted when the tidal force over the size of a hadron overcomes the
QCD string tension k. For an order-of-magnitude estimate, we set m=A, Ar=A-1,
where A is the QCD scale parameter. This yields (for a 10 solar mass black hole):

AR
AF=""A">A> - r<r,=A"(AR)"

r
implying r, = 3x106 A-1 = 3 nm.
Beyond the rupture of hadrons in-falling matter becomes a quark-gluon plasma. The
tidal forces heat the in-falling QGP until, finally, hydrodynamics fails and the QGP no
longer behaves as a collective fluid.
The ultimate limit of classical space-time is reached when the space-time curvature
RI/r3 reaches the Planck scale. This happens when

R 5 1/3
F>MP — r<rcer(M/MP)
where Mp is the Planck mass and rp the Planck length. For a 10 solar mass black

hole, M/IMp = 1039, this limit is rc = 1013 rp= 10-22 m.




Questions

How hot does the “spaghettified” matter get?

Does it break into disconnected pieces as it hurtles down into the
Black Hole or does it remain a fluid?

Can we describe the collapse in a generic way using viscous
hydrodynamics?

Where does established physics fail upon the approach to the black-
hole singularity?

How does it fail - by the action of new cold quantum physics at the
Planck length scale, or by the action of new thermal physics at the
Planck temperature scale?

Work in collaboration with A. Schafer (Regensburg).
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Metric & matter

Spherical symmetry

ds’ = A(r,t)’ dt* = B(r,t) dr’* = C(r,t)’r* (d6 +sin’ 6d¢’ )

Gravitational shear strain
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Viscous matter
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Dynamical equation
d€ .
T = —(2no+Q)A,  Navier-Stokes: Q=-2n0
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The general equations (even) for the spherically symmetric collapse are quite
complicated and not analytically tractable.

Consider a simplified case: Collapse of a (not too) thin low-mass shell into an
existing black hole.The background metric then is the Schwarzschild metric,
and we can consider the fluid dynamical motion of the in-falling matter in the
background metric. [This is similar to the expansion of a viscous fluid in the
boost-invariant Bjorken model.]

We then have to solve the equation for the growth of the entropy density
together with the dynamical equation for the shear stress:

TS“—T—B (\FS ) o ——%QG

=,

dQ
—=—(2nc+Q)A
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Reminder: Bjorken flow

Let’s remind ourselves of the expansion of a viscous fluid in the boost-invariant
Bjorken model in the Navier-Stokes approximation. The metric in coming
coordinates is given by

ds’ =dt’ —1t’dx’ —dy’ —dz’
and the dynamical equation for the entropy density s# = (s,0,0,0) in the
co-moving frame is:

rd

(1s)=—=—=—=

The equation can be solved analytically if we assume that s = aT3 and n/s is
a constant:

d 4n 1 t\"° 2n(1 1
_(71/3T): 5/3 ? T(T):To(?o) T T B3

3s\t, 77771,
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Spherical collapse

Convenient to use Painleve-Gullstrand PG) coordinates for the Schwarzschild
geometry:

ds’ =(1-y*)dt* + 2ydtdr —dr’ — r*(d6” +sin’ 6d¢’” )
with w =—+/R/r.

A particle freely falling in the geometry follows the trajectory
2+ 2R =Ry, = p*

We can consider p as a co-moving radial coordinate and transform the SS metric
from PG coordinates (r, t) to co-moving coordinates (p, t):

ds* =di* - £ dp* —r*(d6? +sin® 6dg?)
r

where r is now a function of p and t. The metric coefficients of the spherically
symmetric geometry are thus

A=1 B=.\/p/r C=r/p
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Shear dynamics

Using the co-moving coordinates, the shear strain scalar experienced by a free
falling fluid element in the Schwarzschild geometry is:
_1d B__d, r”" _3JR

o= | ——1In =
Adt C dt p* 2r”

where we used the equation for the free-fall trajectory r(p,t).

The dynamical equation for the entropy density and the shear stress scalar
then take the following form:

Again assuming that s = aT3 the equation can be rewritten in the form

d JR ©
E(\/;T): ——R—

3r s
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N-S Limit (1)

We can conveniently consider r as a coordinate monitoring the time evolution
of the collapse, albeit one running “backwards”. Using the differential relation

dt = — dr (r/R)12 and introducing the normalized shear stress variable w = ()/s,
the entropy growth equation simplifies to

(J_T) 3\/_

We can easily obtain an explicit solution in the Navier-Stokes limit, where

resulting in the temperature evolution (for constant 1/s)

T(r)=T0ﬁ+n\/E(l—lj
roos\r\r r
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N-S Limit (2)

The Navier-Stokes approximation fails when the viscous corrections to the
pressure become comparable to the thermal pressure. Using the result just
obtained, we can calculate the radial pressure including viscous corrections:

1 nvR
P ETllzzsth T—S;F

We conclude that the N-S approximation is only valid for

n (R 1
s\r,1,

r>r,=38

In this region, the viscous correction to the temperature (and the entropy)
of the collapsing fluid is, indeed, small.

We next consider the evolution of the shear stress in the causal (second-
order or Israel-Stewart) theory.



Causal shear (1)

In the causal theory of dissipative flow the shear stress scalar satisfies the
relaxation equation

dC)
. _(2nc+Q

In the small-r region, where the shear strain O grows very fast, the shear stress

() cannot instantaneously adjust and thus grows less rapidly. This implies that
the second term on the r.h.s. of the relaxation equation can be neglected, and
the shear stress is determined by the derivative term.Again using r to track
the time evolution, the equation becomes:

(da) d ) 37
T | —+o—Ins |=——
dr dr )

Kinetic theory suggests that TnT = [B(N/s); together with s = a T3 this gives

90 | 30 LinT =2

dr dr Br
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Causal shear (2)

The two equations

40 2 Ly <30 (J_T)

dr dr Br

3J_

_b, a)(r):a)o(r/ro)

—b

can be solved by the ansatz T(r)=T1, (r / ro)

with b=l+ 1+ 1, a)O:—iTO
4 \16 4P 4bB

The solution is valid when the dissipative pressure does not exceed the
thermal pressure:

2 1
ml|=Z|ols=(2b-1)Ts < T, =-Ts.
3 "4
In the dilute Boltzmann limit, 8 = 5, b = 0.585, and the condition is marginally
satisfied. For the strongly coupled N=4 SUSY gauge theory, 3 = 2(2-In2), b

=~ 0.648, and the condition is marginally violated.
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Matching

We can match the two limiting solutions by choosing a matching radius rm
where the dissipative pressure anisotropy & = T!/T22 of both solutions agrees:

rmz4b,[377 k1
s\r,1,

For illustration, we choose ro/R = 2,To = 20,3 = 5:
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B \When the dissipative radial pressure exceeds the thermal pressure
and the total radial pressure becomes negative, the fluid ruptures in
the radial direction into increasingly small drops, and the fluid model
fails.

m  Causal viscous hydrodynamics in the dilute limit marginally avoids
this, and can describe the collapse until quantum gravity becomes
relevant.

B For a semi-realistic example, lets consider the following parameters:
R=30km, n/R=2,3=95,n/s=1/4m, To =10 MeV.
This yields: m=10-14m; T(rm)=2%107 GeV; T(rc) = 1012 GeV.

lbl

I'(r,)=1, L rr; (MP /M)b/3
rP
® Very hot, but still 7 orders of magnitude below the Planck temperature.
Implies that the fluid dynamical model may remain valid all the way
down to the region of quantum corrections to the geometry.
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Outlook

Plenty of opportunities for further work:

B The large pressure anisotropy found in the second-order viscous

hydrodynamics solution suggests that anisotropic hydrodynamics,
which treats the anisotropy at all orders, may be a more suitable
approach.

At strong coupling, it would be interesting to search for a holographic
solution of homogeneous hydrodynamics for the boundary metric

ds* =di* — L ap* - (d6” +sin”0dg*),  r(p.t)” =p™" _%/Er
r
Numerical solution of the full Einstein equations with the relaxation

equation for the dissipative stress tensor, including back reaction of
the metric to the collapsing matter.

If viscous hydrodynamics is valid all the way to a quantum gravity
“bounce” of the geometry, find a solution through the bounce.
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