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© Kinematics
o Two Bumper Cars
@ Two Bumper Cars-Solution
@ 2D Basketball Trajectory
@ 2D Basketball Trajectory-Solution

© Newton's Laws and Force
@ Firing a Speargun
@ Firing a Speargun-Solution

a Work and Energy
@ Loop the Loop
@ Loop the Loop-Solution
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Q Center of Mass, Momentum, Collisions
@ Spring-Driven Collision
@ Spring-Driven Collision-Solution

© 1D Rotation
@ Rolling with Slipping
@ Rolling with Slipping-Solution

© Vector Torque, Angular Momentum, and Rotational Collisions
@ A Bullet Grazes a Sphere
o A Bullet Grazes a Sphere-Solution
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a Static Equilibrium
@ Carrying A Box Up the Stairs
@ Carrying A Box Up the Stairs-Solution

© Fluids

@ Draining into a Lake
@ Draining into a Lake-Solution

© Oscillations
@ Oscillations: A Rolling Pendulum
@ Oscillations: A Rolling Pendulum-Solution
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Con

@ Waves on a String
o Construct a Travelling Wave
@ Construct a Travelling Wave-Solution

@ Sound

@ Passed by the Ambulance
@ Passed by the Ambulance-Solution

@ Gravitation
@ Collision with a Neutron Star
@ Collision with a Neutron Star-Solution

® End
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About These Problems

This is an experiment. Beamer allows me to make slides that will successively
reveal lines of math-heavy text. This gives me a unique opportunity to build a
collection of self-guided learning problems for physics that do what I've fantasized
about doing for years now — present a problem, then provide a hint, then another
hint, then another (or reveal a step, and then another step) until finally, the entire
souution is presented, annotated.

Hopefully these problems will help students everywhere as they struggle to learn
physics problems solving techniques and learn to “think like a physicist” as they
do so.

To use this resource, pick a problem or topic from the table of contents and go
directly to it, or work your way through all the problems systematically. Work on a
separate sheet of paper, and when you get stuck, page down through the frames
to see (hopefully) where you went wrong.

Remember, the point is to master these problems, not just to get through
them. Make sure that before you are done, you can do every problem without
looking, without hints, and without remembering the exact solution but
rather, understanding how to find it!
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Kinematics: Two Bumper Cars
. v a @ Two bumper cars are headed straight at
@—O’ ‘L@—n' one another, one travelling at 2vy to the
-
D

right, the other at speed vy to the left.
When they are separated by a distance D,
the car on the right slows down with a
constant acceleration ap. Does the right
hand car manage to stop before being hit

by the left hand car?
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Kinematics: Two Bumper Cars

) | @ Two bumper cars are headed straight at
VD VO‘ aﬂ .

@ ‘ one another, one travelling at 2y, to the
right, the other at speed vy to the left.

X

D When they are separated by a distance D,
First, choose a 1D coordinate the car on the right slows down with a
frame such as the one drawn constant acceleration ag. Does the right
above. What are the initial con- hand car manage to stop before being hit

ditions in this coordinate frame? by the left hand car?
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Kinematics: Two Bumper Cars

) | @ Two bumper cars are headed straight at
VD VO‘ aﬂ .

@ | one another, one travelling at 2vy to the
right, the other at speed vy to the left.
When they are separated by a distance D,
First, choose a 1D coordinate the car on the right slows down with a
frame such as the one drawn constant acceleration ag. Does the right

above. What are the initial con- hand car manage to stop before being hit
ditions in this coordinate frame? by the left hand car?

X

Solve the equations of motion for x;(t), vi(t), x.(t), v,(t) for the left and right
hand cars respectively.
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Kinematics: Two Bumper Cars

) | @ Two bumper cars are headed straight at
VD VO‘ aﬂ .
@ | one another, one travelling at 2vy to the
right, the other at speed vy to the left.

D When they are separated by a distance D,
First, choose a 1D coordinate the car on the right slows down with a
frame such as the one drawn constant acceleration ag. Does the right

above. What are the initial con- hand car manage to stop before being hit
ditions in this coordinate frame? by the left hand car?

X

Solve the equations of motion for x;(t), vi(t), x.(t), v,(t) for the left and right
hand cars respectively. Find the time the car on the right comes to rest, t,.
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Kinematics: Two Bumper Cars

5 @ Two bumper cars are headed straight at
VD 0y 0 .

@*’ { one another, one travelling at 2vy to the
‘ right, the other at speed vy to the left.

X

D When they are separated by a distance D,
First, choose a 1D coordinate the car on the right slows down with a
frame such as the one drawn constant acceleration ag. Does the right
above. What are the initial con- hand car manage to stop before being hit
ditions in this coordinate frame? by the left hand car?

Solve the equations of motion for x;(t), vi(t), x.(t), v,(t) for the left and right
hand cars respectively. Find the time the car on the right comes to rest, t,.
Evaluate the positions of both cars at that time.
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Kinematics: Two Bumper Cars

@ Two bumper cars are headed straight at

2, 3 a, .
{ one another, one travelling at 2vy to the
‘ < right, the other at speed vy to the left.
D When they are separated by a distance D,

First, choose a 1D coordinate the car on the right slows down with a
frame such as the one drawn constant acceleration ag. Does the right
above. What are the initial con- hand car manage to stop before being hit
ditions in this coordinate frame? by the left hand car?

Solve the equations of motion for x;(t), vi(t), x.(t), v,(t) for the left and right
hand cars respectively. Find the time the car on the right comes to rest, t,.
Evaluate the positions of both cars at that time. Have they hit already? If they
did hit, could you tell where they hit?
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Kinematics: Two Bumper Cars

@ Two bumper cars are headed straight at

2y, 3 o :
{ one another, one travelling at 2vy to the
‘ < right, the other at speed vy to the left.
D When they are separated by a distance D,

First, choose a 1D coordinate the car on the right slows down with a
frame such as the one drawn constant acceleration ag. Does the right
above. What are the initial con- hand car manage to stop before being hit
ditions in this coordinate frame? by the left hand car?

Solve the equations of motion for x;(t), vi(t), x.(t), v,(t) for the left and right
hand cars respectively. Find the time the car on the right comes to rest, t,.
Evaluate the positions of both cars at that time. Have they hit already? If they
did hit, could you tell where they hit?

* - The solution is on the next page. Don't advance until you are ready!
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Kinematics: Two Bumper Cars-Solution

@ 2v, @ Solution: x/(t) =2wt, v(t) =2w

1
= x(t) =D — vt + 530t2, v (t) = —vo + apt
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Kinematics: Two Bumper Cars-Solution

@ 2v, @ Solution: x/(t) =2wt, v(t) =2w

1
= x(t) =D — vt + 530t2, v (t) = —vo + apt

D

V(
Find the time: t, = =2
ao
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Kinematics: Two Bumper Cars-Solution

@ 2v, @ Solution: x/(t) =2wt, v(t) =2w

1
= x(t) =D — vt + 530t2, v (t) = —vo + apt

D
2
. . Vo . 2V0 )
Find the time: t, = —. The left hand car is then at x;(t,) = — and the right
ao ao
RV vé
hand car is at x,(t, =pD-24 0 —_p_ 0
n r x ( ) do + 230 230
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Kinematics: Two Bumper Cars-Solution

@ 2v, @ Solution: x/(t) =2wt, v(t) =2w

1
= x(t) =D — vt + 530t2, v (t) = —vo + apt

D

2 2
Find the time: t, = % The left hand car is then at x(t,) = % and the right
ao ao
2 2 2 2
2
hand caris at x,(t,) =D — 2 4+ 20 —p_ 0 p_ 0 N
do 230 230 230
collide before the right hand car comes to rest. We can simplify this to:

2
5vj

230

QO
S Sy
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Kinematics: Two Bumper Cars-Solution

@ 2v, @ Solution: x/(t) =2wt, v(t) =2w

1
= x(t) =D — vt + 530t2, v (t) = —vo + apt

D
2

2
Find the time: t, = % The left hand car is then at x(t,) = % and the right

ao ao
v2 V2 V2 2
hand car is at x,(t,) = D — -2 O —p-2 p-2 <=2
and car is at x.(t,) ao+230 a0 a0

collide before the right hand car comes to rest. We can simplify this to:
5vg

230

S
N
QO
oo<N

It makes sense — larger D makes it less likely to collide, larger ag makes it /ess likely
they will collide, larger vy makes it more likely.
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Kinematics: Two Bumper Cars-Solution

@ 2v, @ Solution: x/(t) =2wt, v(t) =2w

1
= x(t) =D — vt + 530t2, v (t) = —vo + apt

D
2

2
Find the time: t, = % The left hand car is then at x(t,) = % and the right
ao ao
¥ 2 ¥ 2 52
hand car is at x,(t,) =D — 2 4+ 0 —p_ 0 fp_ O 0 they wil
2ag 2ao 2ag do

collide before the right hand car comes to rest. We can simplify this to:

5vg

2ay
It makes sense — larger D makes it less likely to collide, larger ag makes it /ess likely
they will collide, larger vy makes it more likely. Knowing they collide, if we write:

1
X/( ) =2yt = D — vyt + an

would let us find the time of collision and answer other questions about e.g. their
relative velocity at that time. This is a simple quadratic equation for t..

te = x(tc)
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Kinematics: 2D Basketball Trajectory

@ A basketball player shoots a jump hook at

a (horizontal) distance R from the basket,

N releasing the ball at a height H above the
%4‘% x rim as shown. To shoot over his opponent’s
outstretched arm, he releases the basketball
at an angle 6 with respect to the horizontal.

Find v, the speed he must release the basketball with (in terms of H, R, g and
0) for the ball to go through the hoop “perfectly” as shown. Assume that his
release is on line and undeflected, at initial speed vy and that the acceleration of
the basketball is @ = —g]’, ignoring drag.
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Kinematics: 2D Basketball Trajectory

@ A basketball player shoots a jump hook at

a (horizontal) distance R from the basket,

N releasing the ball at a height H above the
%4‘% x rim as shown. To shoot over his opponent’s
outstretched arm, he releases the basketball
at an angle 6 with respect to the horizontal.

Find v, the speed he must release the basketball with (in terms of H, R, g and
0) for the ball to go through the hoop “perfectly” as shown. Assume that his
release is on line and undeflected, at initial speed vy and that the acceleration of
the basketball is @ = —g]’, ignoring drag.

Hints: First write down a, =0, a, = —g and solve for x(t), v,(t), y(t) and
vy (t).
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Kinematics: 2D Basketball Trajectory

@ A basketball player shoots a jump hook at

a (horizontal) distance R from the basket,

N releasing the ball at a height H above the
%4‘% x rim as shown. To shoot over his opponent’s
outstretched arm, he releases the basketball
at an angle 6 with respect to the horizontal.

Find v, the speed he must release the basketball with (in terms of H, R, g and
0) for the ball to go through the hoop “perfectly” as shown. Assume that his
release is on line and undeflected, at initial speed vy and that the acceleration of
the basketball is @ = —g]’, ignoring drag.

Hints: First write down a, =0, a, = —g and solve for x(t), v,(t), y(t) and
vy (t). Note that there are really two unknowns — vy and t,, the time the ball
reaches the basket.
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Kinematics: 2D Basketball Trajectory

@ A basketball player shoots a jump hook at

a (horizontal) distance R from the basket,

N releasing the ball at a height H above the
%4‘% x rim as shown. To shoot over his opponent’s
outstretched arm, he releases the basketball
at an angle 6 with respect to the horizontal.

Find v, the speed he must release the basketball with (in terms of H, R, g and
0) for the ball to go through the hoop “perfectly” as shown. Assume that his
release is on line and undeflected, at initial speed vy and that the acceleration of
the basketball is @ = —g]’, ignoring drag.

Hints: First write down a, =0, a, = —g and solve for x(t), v,(t), y(t) and
vy (t). Note that there are really two unknowns — vy and t,, the time the ball
reaches the basket. In order to go through the basket, x(t,) = R at the same
time that y(t,) = —H.
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Kinematics: 2D Basketball Trajectory

@ A basketball player shoots a jump hook at

a (horizontal) distance R from the basket,

N releasing the ball at a height H above the
%4‘% x rim as shown. To shoot over his opponent’s
outstretched arm, he releases the basketball
at an angle 6 with respect to the horizontal.

Find v, the speed he must release the basketball with (in terms of H, R, g and
0) for the ball to go through the hoop “perfectly” as shown. Assume that his
release is on line and undeflected, at initial speed vy and that the acceleration of
the basketball is @ = —g]’, ignoring drag.

Hints: First write down a, =0, a, = —g and solve for x(t), v,(t), y(t) and

vy (t). Note that there are really two unknowns — vy and t,, the time the ball
reaches the basket. In order to go through the basket, x(t,) = R at the same
time that y(t,) = —H. Find t} in terms of vy and the givens from the x equation.
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Kinematics: 2D Basketball Trajectory

@ A basketball player shoots a jump hook at

a (horizontal) distance R from the basket,

N releasing the ball at a height H above the
%4‘% x rim as shown. To shoot over his opponent’s
outstretched arm, he releases the basketball
at an angle 6 with respect to the horizontal.

Find v, the speed he must release the basketball with (in terms of H, R, g and
0) for the ball to go through the hoop “perfectly” as shown. Assume that his
release is on line and undeflected, at initial speed vy and that the acceleration of
the basketball is @ = —g]’, ignoring drag.

Hints: First write down a, =0, a, = —g and solve for x(t), v,(t), y(t) and

vy (t). Note that there are really two unknowns — vy and t, the time the ball
reaches the basket. In order to go through the basket, x(t,) = R at the same
time that y(t,) = —H. Find t} in terms of vy and the givens from the x equation.
Substitute it into the y(tp) equation.
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Kinematics: 2D Basketball Trajectory

@ A basketball player shoots a jump hook at

a (horizontal) distance R from the basket,

N releasing the ball at a height H above the
%4‘% x rim as shown. To shoot over his opponent’s
outstretched arm, he releases the basketball
at an angle 6 with respect to the horizontal.

Find v, the speed he must release the basketball with (in terms of H, R, g and
0) for the ball to go through the hoop “perfectly” as shown. Assume that his
release is on line and undeflected, at initial speed vy and that the acceleration of
the basketball is @ = —g]’, ignoring drag.

Hints: First write down a, =0, a, = —g and solve for x(t), v,(t), y(t) and

vy (t). Note that there are really two unknowns — vy and t, the time the ball
reaches the basket. In order to go through the basket, x(t,) = R at the same
time that y(t,) = —H. Find t} in terms of vy and the givens from the x equation.
Substitute it into the y(t,) equation. Solve for vo. There is some algebra involved!

Robert G. Brown Introductory Physics 141/151/161



Kinematics: 2D Basketball Trajectory

@ A basketball player shoots a jump hook at

a (horizontal) distance R from the basket,

Nl releasing the ball at a height H above the
%4‘% x rim as shown. To shoot over his opponent’s
outstretched arm, he releases the basketball
at an angle 6 with respect to the horizontal.

Find v, the speed he must release the basketball with (in terms of H, R, g and
0) for the ball to go through the hoop “perfectly” as shown. Assume that his
release is on line and undeflected, at initial speed vy and that the acceleration of
the basketball is @ = —g]’, ignoring drag.

Hints: First write down a, =0, a, = —g and solve for x(t), v,(t), y(t) and

vy (t). Note that there are really two unknowns — vy and t, the time the ball
reaches the basket. In order to go through the basket, x(t,) = R at the same
time that y(t,) = —H. Find t} in terms of vy and the givens from the x equation.
Substitute it into the y(t,) equation. Solve for vo. There is some algebra involved!

* - The solution is on the next page. Don't advance until you are ready!
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Kinematics: 2D Basketball Trajectory-Solution

Initial Conditions:

ax =0,vox = vwcosb,xp =0and a, = —g, v, = vgsinf,yo =0
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Kinematics: 2D Basketball Trajectory-Solution

Initial Conditions:

ax =0,vox = vwcosb,xp =0and a, = —g, v, = vgsinf,yo =0
Integrate:

1
x(t) = vocosOt v (t) = vpcosh y(t)= —Egt2+v0 sinft v, (t) = vosinf—gt
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Kinematics: 2D Basketball Trajectory-Solution

Initial Conditions:
ax =0,vox = vwcosb,xp =0and a, = —g, v, = vgsinf,yo =0
Integrate:
1
x(t) = vocosOt v (t) = vpcosh y(t)= —Egt2+v0 sinft v, (t) = vosinf—gt

Find the time t, that the basketball reaches the horizontal position of the hoop:
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Kinematics: 2D Basketball Trajectory-Solution

Initial Conditions:
ax =0,vox = vwcosb,xp =0and a, = —g, v, = vgsinf,yo =0

Integrate:

1
x(t) = vocosOt v (t) = vgcosf y(t) = —Egt2+v0 sinft v, (t) = vosinf—gt
Find the time t, that the basketball reaches the horizontal position of the hoop:

R = vwycosft, = t, = R/(vpcosh)

This must also be the time that the ball has exactly the height of the hoop:
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Kinematics: 2D Basketball Trajectory-Solution

Initial Conditions:
ax =0,vox = vwcosb,xp =0and a, = —g, v, = vgsinf,yo =0
Integrate:
x(t) = vocosOt v (t) = vgcosf y(t) = —%gtz—kvo sinft v, (t) = vosinf—gt
Find the time t, that the basketball reaches the horizontal position of the hoop:
R = vwycosft, = t, = R/(vpcosh)
This must also be the time that the ball has exactly the height of the hoop:

gR?

————— = Rtan0+ H
2v3 cos? § anb+

1
—H = —Egtg + v sin Oty =

And finally, we solve for vy:
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Kinematics: 2D Basketball Trajectory-Solution

Initial Conditions:
ax =0,vox = vwcosb,xp =0and a, = —g, v, = vgsinf,yo =0
Integrate:
x(t) = vocosOt v (t) = vgcosf y(t) = —%gtz—kvo sinft v, (t) = vosinf—gt
Find the time t, that the basketball reaches the horizontal position of the hoop:
R = vwycosft, = t, = R/(vpcosh)

This must also be the time that the ball has exactly the height of the hoop:

2

1, , gR
—H:—Egtb+V05|n0tb:> W:Rtana‘FH

And finally, we solve for vy:

gR?
Vo =
0 2(Rsinf cosf + H cos? 6)

After doing the algebra, check the dimensions. Are they OK?

Robert G. Brown Introductory Physics 141/151/161



b v
B —————————
Hints:

Firing a Speargun

@ An underwater fisherman fires her speargun
at a distant fish. The neutral-buoyancy

%? spear leaves the gun at initial speed vy and

experiences a linear drag force Fy = —bv
opposite to its velocity. Find v(t) and R,
the maximum range of the spear.

Robert G. Brown
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Firing a Speargun

@ An underwater fisherman fires her speargun
at a distant fish. The neutral-buoyancy
_—bv %? spear leaves the gun at initial speed vy and
experiences a linear drag force Fy = —bv
opposite to its velocity. Find v(t) and R,
the maximum range of the spear.

Hints:
First, draw a picture of the general motion and drag force.
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Firing a Speargun

@ An underwater fisherman fires her speargun
at a distant fish. The neutral-buoyancy

by %? spear leaves the gun at initial speed vy and
experiences a linear drag force Fy = —bv
opposite to its velocity. Find v(t) and R,
Hints: the maximum range of the spear.

First, draw a picture of the general motion and drag force. Then, write Newton's
Second Law, expressing a in terms of v, not x.

Robert G. Brown Introductory Physics 141/151/161



Firing a Speargun

@ An underwater fisherman fires her speargun
at a distant fish. The neutral-buoyancy

by %? spear leaves the gun at initial speed vy and
experiences a linear drag force Fy = —bv
opposite to its velocity. Find v(t) and R,
Hints: the maximum range of the spear.

First, draw a picture of the general motion and drag force. Then, write Newton's
Second Law, expressing a in terms of v, not x. Then, integrate to find v(t)! This
involves separating variables and integrating both sides separately, using (easiest)
definite integrals.
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Firing a Speargun

@ An underwater fisherman fires her speargun
at a distant fish. The neutral-buoyancy

by %? spear leaves the gun at initial speed vy and
experiences a linear drag force Fy = —bv
opposite to its velocity. Find v(t) and R,
Hints: the maximum range of the spear.

First, draw a picture of the general motion and drag force. Then, write Newton's
Second Law, expressing a in terms of v, not x. Then, integrate to find v(t)! This
involves separating variables and integrating both sides separately, using (easiest)
definite integrals.

Finding the range is trickier. If you did/do things right, the velocity is decaying
exponentially, and v = !
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Firing a Speargun

@ An underwater fisherman fires her speargun
at a distant fish. The neutral-buoyancy

by %? spear leaves the gun at initial speed vy and
experiences a linear drag force Fy = —bv
opposite to its velocity. Find v(t) and R,
Hints: the maximum range of the spear.

First, draw a picture of the general motion and drag force. Then, write Newton's
Second Law, expressing a in terms of v, not x. Then, integrate to find v(t)! This
involves separating variables and integrating both sides separately, using (easiest)
definite integrals.

Finding the range is trickier. If you did/do things right, the velocity is decaying
exponentially, and v = %! It will come to rest “at” t — oo.
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Firing a Speargun

@ An underwater fisherman fires her speargun
at a distant fish. The neutral-buoyancy

by %? spear leaves the gun at initial speed vy and
experiences a linear drag force Fy = —bv
opposite to its velocity. Find v(t) and R,
Hints: the maximum range of the spear.

First, draw a picture of the general motion and drag force. Then, write Newton's
Second Law, expressing a in terms of v, not x. Then, integrate to find v(t)! This
involves separating variables and integrating both sides separately, using (easiest)
definite integrals.

Finding the range is trickier. If you did/do things right, the velocity is decaying
exponentially, and v = %! It will come to rest “at” t — oo. So, the range should
be the integral of the velocity from 0 to infinity!

Robert G. Brown Introductory Physics 141/151/161



Firing a Speargun

@ An underwater fisherman fires her speargun
at a distant fish. The neutral-buoyancy

by %? spear leaves the gun at initial speed vy and
experiences a linear drag force Fy = —bv
opposite to its velocity. Find v(t) and R,
Hints: the maximum range of the spear.

First, draw a picture of the general motion and drag force. Then, write Newton's
Second Law, expressing a in terms of v, not x. Then, integrate to find v(t)! This
involves separating variables and integrating both sides separately, using (easiest)
definite integrals.

Finding the range is trickier. If you did/do things right, the velocity is decaying
exponentially, and v = %! It will come to rest “at” t — oo. So, the range should
be the integral of the velocity from 0 to infinity!

Note that it will come almost to rest (and in the real world, completely to rest)
long before t equals “infinity”. Note also that the “terminal velocity” in this
problem is zero as drag is the only force acting.
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Firing a Speargun

@ An underwater fisherman fires her speargun
at a distant fish. The neutral-buoyancy

by %? spear leaves the gun at initial speed vy and
experiences a linear drag force Fy = —bv
opposite to its velocity. Find v(t) and R,
Hints: the maximum range of the spear.

First, draw a picture of the general motion and drag force. Then, write Newton's
Second Law, expressing a in terms of v, not x. Then, integrate to find v(t)! This
involves separating variables and integrating both sides separately, using (easiest)
definite integrals.

Finding the range is trickier. If you did/do things right, the velocity is decaying
exponentially, and v = %! It will come to rest “at” t — oo. So, the range should
be the integral of the velocity from 0 to infinity!

Note that it will come almost to rest (and in the real world, completely to rest)
long before t equals “infinity”. Note also that the “terminal velocity” in this
problem is zero as drag is the only force acting.

* - The solution is on the next page. Don’t advance until you are ready!
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Firing a Speargun-Solution

—bv o E r\
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Firing a Speargun-Solution

F:—bv=mﬂ:ma:>
dt

—bv o E r\
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Firing a Speargun-Solution

F:—bv=mﬂ:ma:>ﬂ:—£dt
dt v

3

—bv o E r\
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Firing a Speargun-Solution

—bv o E r\
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Firing a Speargun-Solution
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Firing a Speargun-Solution

d d
F=—bv=m> =ma= ¥ = 2agt
—bv v %@ dt m
v(t) dv t b
Vo v 0 m
() =B el E Y ke [ e B
Vo Vo
dx by
— = e m =
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Firing a Speargun-Solution

F:—bv:mﬂ:ma:—:——dt
—bv v % dt m
v(t) dv t b
[t
Vo v 0 m
A T T L N P
Vo Vo
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Firing a Speargun-Solution
b

F:—bv:mﬂ:ma:ﬂ:——dt
—bv v % dt m
v(t) dv t b
Vo v 0 m
() =B el E Y ke [ e B
Vo Vo

dt 0 0 m
mvg 0 Vo
x(t) = — e“du:—(lfe mt)
b —bt/m

so the range R is:
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mvg 0 Vo
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Solution Map:

@ A block of mass M sits at the top of a
frictionless hill of height H leading to a
circular loop-the-loop of radius R. Find the
minimum height Hy,;, for which the block
barely gess around the loop staying on the
track at the top. If the block is started at
this position, what is the normal force
exerted by the track at the bottom of the
loop, where it is greatest?
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@ A block of mass M sits at the top of a
frictionless hill of height H leading to a
circular loop-the-loop of radius R. Find the
minimum height Hy,;, for which the block
barely gess around the loop staying on the
track at the top. If the block is started at
this position, what is the normal force
exerted by the track at the bottom of the
loop, where it is greatest?

Solution Map: First, draw a force diagram of the mass at the top of the loop
(include gravity and the normal force).
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minimum height Hy,;, for which the block
barely gess around the loop staying on the
track at the top. If the block is started at
this position, what is the normal force
exerted by the track at the bottom of the
loop, where it is greatest?

Solution Map: First, draw a force diagram of the mass at the top of the loop
(include gravity and the normal force). Use conservation of energy to relate H
to v at the top of the loop.
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Solution Map: First, draw a force diagram of the mass at the top of the loop
(include gravity and the normal force). Use conservation of energy to relate H
to v at the top of the loop. Write N2 for the block at the top of the loop.
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@ A block of mass M sits at the top of a
frictionless hill of height H leading to a
circular loop-the-loop of radius R. Find the
minimum height Hy,;, for which the block
barely gess around the loop staying on the
track at the top. If the block is started at
this position, what is the normal force
exerted by the track at the bottom of the
loop, where it is greatest?

Solution Map: First, draw a force diagram of the mass at the top of the loop
(include gravity and the normal force). Use conservation of energy to relate H
to v at the top of the loop. Write N2 for the block at the top of the loop. Use
centripetal acceleration for a in N2 at the top of the loop.
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@ A block of mass M sits at the top of a
frictionless hill of height H leading to a
circular loop-the-loop of radius R. Find the
minimum height Hy,;, for which the block
barely gess around the loop staying on the
track at the top. If the block is started at
this position, what is the normal force
exerted by the track at the bottom of the
loop, where it is greatest?

Solution Map: First, draw a force diagram of the mass at the top of the loop
(include gravity and the normal force). Use conservation of energy to relate H
to v at the top of the loop. Write N2 for the block at the top of the loop. Use
centripetal acceleration for a in N2 at the top of the loop. Find Hy,;, by letting N
go to zero and doing algebra.
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@ A block of mass M sits at the top of a
frictionless hill of height H leading to a
circular loop-the-loop of radius R. Find the
minimum height Hy,;, for which the block
barely gess around the loop staying on the
track at the top. If the block is started at
this position, what is the normal force
exerted by the track at the bottom of the
loop, where it is greatest?

Solution Map: First, draw a force diagram of the mass at the top of the loop
(include gravity and the normal force). Use conservation of energy to relate H
to v at the top of the loop. Write N2 for the block at the top of the loop. Use
centripetal acceleration for a in N2 at the top of the loop. Find Hy,;, by letting N
go to zero and doing algebra. Repeat this process for the bottom of the loop, but
solve for N at this point.
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@ A block of mass M sits at the top of a
frictionless hill of height H leading to a
circular loop-the-loop of radius R. Find the
minimum height Hy,;, for which the block
barely gess around the loop staying on the
track at the top. If the block is started at
this position, what is the normal force
exerted by the track at the bottom of the
loop, where it is greatest?

Solution Map: First, draw a force diagram of the mass at the top of the loop
(include gravity and the normal force). Use conservation of energy to relate H
to v at the top of the loop. Write N2 for the block at the top of the loop. Use
centripetal acceleration for a in N2 at the top of the loop. Find Hy,;, by letting N
go to zero and doing algebra. Repeat this process for the bottom of the loop, but
solve for N at this point.

* - The solution is on the next page. Don't advance until you are ready!
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Loop the Loop-Solution

At the top:
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mv? 1 1
mg + M = Rt = Emv,f2 = Eng
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Loop the Loop-Solution

1
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mv? 1 1
mg + M{ = Rt = EmVE = Eng
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Loop the Loop-Solution

At the bottom:

1
At the top: mgHmin +0 = mg2R + Emv,_,2

mv? 1 1
mg + M{ = Rt = EmVE = Eng
1
mgHmin = mg2R + Eng = | Hpin = gR
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Loop the Loop-Solution

1
At the top: mgHmin +0 = mg2R + Emv,_,2

mv? 1 1
mg + M{ = Rt = EmVE = Eng
1
mgHmin = mg2R + Eng = | Hpin = gR

At the bottom:

5 1
mgHpin +0 = §ng = Emvg and

Robert G. Brown Introductory Physics 141/151/161



Loop the Loop-Solution

1
At the top: mgHmin +0 = mg2R + Emv,_,2

mv? 1 1
mg + M = Rt = Emv,f2 = Eng
1 5
mgHpin = mg2R + Eng = | Hnin = ER
At the bottom:
2 m 13

1
mgHin +0 = gng = 5mv and N—mg=
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Loop the Loop-Solution

1
At the top: mgHmin +0 = mg2R + Emv,_,2

mv? 1 1
mg + M = Rt = EmVE = Eng
1
mgHmin = mg2R + Eng = | Hpin = gR
At the bottom:
> LI mv2 mv2
mgHm1n+O:§ng :Eme and /\/7!7‘Ig:T:>/\/:mg<|»T

or:

mv§:5mg:> N =mg+5mg = bmg
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Spring-Driven Collision

In the figure above, a mass 2m connected to a
spring k is released from rest when the spring
. V=0 is compressed to the position xg = —A and

collides elastically with a mass m just as it
initial (eq) reaches its equilibrium position moving with
velocity vox as shown. Find: Ain terms of vy,
m, and k; vop, and v, immediately after the
collision; the maximum amplitude A’ of the
(cq) X big (2m) block's oscillation after the collision.
Ignore friction, and m starts at rest.

v=0 y
k

before
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m, and k; vop, and v, immediately after the
collision; the maximum amplitude A’ of the
before (cq) X big (2m) block's oscillation after the collision.
Ignore friction, and m starts at rest.

Solution Map:
Use energy conservation to find A.
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reaches its equilibrium position moving with
velocity vox as shown. Find: Ain terms of vy,
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before (cq) X big (2m) block's oscillation after the collision.
Ignore friction, and m starts at rest.

Solution Map:
Use energy conservation to find A. Solve the 1D elastic collision for v5,, and v,,.
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Spring-Driven Collision

In the figure above, a mass 2m connected to a
spring k is released from rest when the spring
is compressed to the position xg = —A and
collides elastically with a mass m just as it
reaches its equilibrium position moving with
velocity vox as shown. Find: Ain terms of vy,
m, and k; vop, and v, immediately after the
collision; the maximum amplitude A’ of the
before (cq) X big (2m) block's oscillation after the collision.
Ignore friction, and m starts at rest.

Solution Map:
Use energy conservation to find A. Solve the 1D elastic collision for v5,, and v,,.
Use energy conservation again to find A’.

Robert G. Brown Introductory Physics 141/151/161



Spring-Driven Collision

In the figure above, a mass 2m connected to a
spring k is released from rest when the spring
. V=0 is compressed to the position xg = —A and

collides elastically with a mass m just as it
initial (eq) reaches its equilibrium position moving with
velocity vox as shown. Find: Ain terms of vy,
m, and k; vop, and v, immediately after the
collision; the maximum amplitude A’ of the
(cq) X big (2m) block's oscillation after the collision.
Ignore friction, and m starts at rest.

v=l

k

before

Solution Map:

Use energy conservation to find A. Solve the 1D elastic collision for v5,, and v,,.
Use energy conservation again to find A’. Pretty simple, but it mixes energy
conservation and elastic collisions. If you don't remember the solution for the final
velocity after a 1D elastic collision, advance the page to see it, but remember that
you can't look it up like this on a quiz or exam!
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Spring-Driven Collision

In the figure above, a mass 2m connected to a
spring k is released from rest when the spring
. V=0 is compressed to the position xg = —A and

collides elastically with a mass m just as it
initial (eq) reaches its equilibrium position moving with
velocity vox as shown. Find: Ain terms of vy,
m, and k; vop, and v, immediately after the
collision; the maximum amplitude A’ of the
(cq) X big (2m) block's oscillation after the collision.
Ignore friction, and m starts at rest.

v=l

k

before

Solution Map:

Use energy conservation to find A. Solve the 1D elastic collision for v5,, and v,,.
Use energy conservation again to find A’. Pretty simple, but it mixes energy
conservation and elastic collisions. If you don't remember the solution for the final
velocity after a 1D elastic collision, advance the page to see it, but remember that
you can't look it up like this on a quiz or exam!

mivij + MoV

1D Elastic Collision Formula: vf = —v; + 2v., with v, =
my + my
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Spring-Driven Collision

In the figure above, a mass 2m connected to a
spring k is released from rest when the spring
. V=0 is compressed to the position xg = —A and

collides elastically with a mass m just as it
initial (eq) reaches its equilibrium position moving with
velocity vox as shown. Find: Ain terms of vy,
m, and k; vop, and v, immediately after the
collision; the maximum amplitude A’ of the
(cq) X big (2m) block's oscillation after the collision.
Ignore friction, and m starts at rest.

v=l

k

before

Solution Map:

Use energy conservation to find A. Solve the 1D elastic collision for v5,, and v,,.
Use energy conservation again to find A’. Pretty simple, but it mixes energy
conservation and elastic collisions. If you don't remember the solution for the final
velocity after a 1D elastic collision, advance the page to see it, but remember that
you can't look it up like this on a quiz or exam!

mivij + MoV

1D Elastic Collision Formula: vf = —v; + 2v., with v, =
my + my

* - The solution is on the next page. Don't advance until you are ready!
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Spring-Driven Collision-Solution

Use mechanical energy conservation before the
collision to find A:

bef (eq) 1 1 2m
ctore 5kA2:§(2m)Vg:> A: TVO

after (eq)
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Spring-Driven Collision-Solution

Use mechanical energy conservation before the
collision to find A:

bet (e 1o, 1 2m
elore 5kA2:§(2m)Vg:> A= TVO

V
(Note that A = 2 as one expects from the
w

after (eq) solution obtained in Chapter 9.)
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Spring-Driven Collision-Solution

Use mechanical energy conservation before the
collision to find A:

bet (e 1o, 1 2m
elore 5kA2:§(2m)Vg:> A= TVO

V
(Note that A = 2 as one expects from the
w

after (eq) solution obtained in Chapter 9.)
Solve the elastic collision:
2mvy 2vy N Vo 4vy
V, = e V- = — Vy, — —
T Odm+m 3 S "3
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Spring-Driven Collision-

Solution

before (eq)

after (eq)

Use mechanical energy conservation before the
collision to find A:

1 1 2m
5/(/42 = 5(2m)Vg =|A= TVO

V
(Note that A = 2 as one expects from the
w

solution obtained in Chapter 9.)

Solve the elastic collision:

2mvy
VCl’l’l

= == =V, = —
dm+m 3 v2

Vm =

2 Vo Vo 4 Vo
3

3

Use mechanical energy conservation again to find A’:

1
5(2’”)V22m =3

1 1 2
mg = EkAQ = A = \lg—r:vo
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Rolling with Slipping

@ A disk with mass M, radius R, is sitting on

a rough floor with coefficients of friction
lk,s respectively. It is pulled by a force
F(t) = At that increases linearly with
time (A is a constant with units N/sec).
Write an expression for f5(t), the
magnitude of the force of static friction as
a function of time. Find the time t; that
the disk starts to slip instead of roll without

slipping.
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@ A disk with mass M, radius R, is sitting on

Solution Map:

a rough floor with coefficients of friction
lk,s respectively. It is pulled by a force
F(t) = At that increases linearly with
time (A is a constant with units N/sec).
Write an expression for f5(t), the
magnitude of the force of static friction as
a function of time. Find the time t; that
the disk starts to slip instead of roll without

slipping.

As always, draw a force diagram and choose good coordinates. Let f; and N act

at the point of contact.

Introductory Physics 141/151/161



Rolling with Slipping

@ A disk with mass M, radius R, is sitting on
a rough floor with coefficients of friction
lk,s respectively. It is pulled by a force

M F(t) = At that increases linearly with

F time (A is a constant with units N/sec).

Write an expression for f5(t), the

magnitude of the force of static friction as

a function of time. Find the time t; that

the disk starts to slip instead of roll without

slipping.

Solution Map:
As always, draw a force diagram and choose good coordinates. Let f; and N act

at the point of contact. Next, write N2 for translation and rotation both.
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Rolling with Slipping

@ A disk with mass M, radius R, is sitting on
a rough floor with coefficients of friction
lk,s respectively. It is pulled by a force

M F(t) = At that increases linearly with

F time (A is a constant with units N/sec).

Write an expression for f5(t), the

magnitude of the force of static friction as

a function of time. Find the time t; that

the disk starts to slip instead of roll without

slipping.

Solution Map:
As always, draw a force diagram and choose good coordinates. Let f; and N act

at the point of contact. Next, write N2 for translation and rotation both. Solve
for f; (which will not contain p!).
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Rolling with Slipping

@ A disk with mass M, radius R, is sitting on
a rough floor with coefficients of friction
lk,s respectively. It is pulled by a force

M F(t) = At that increases linearly with

F time (A is a constant with units N/sec).

Write an expression for f5(t), the

magnitude of the force of static friction as

a function of time. Find the time t; that

the disk starts to slip instead of roll without

slipping.

Solution Map:
As always, draw a force diagram and choose good coordinates. Let f; and N act

at the point of contact. Next, write N2 for translation and rotation both. Solve
for f; (which will not contain pg!). You can solve for the acceleration a(t) if you
wish as well (this might have been part of the question, and may be needed in
order to most easily find f;).
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@ A disk with mass M, radius R, is sitting on
a rough floor with coefficients of friction
lk,s respectively. It is pulled by a force

M F(t) = At that increases linearly with

F time (A is a constant with units N/sec).

Write an expression for f5(t), the

magnitude of the force of static friction as

a function of time. Find the time t; that

the disk starts to slip instead of roll without
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Solution Map:
As always, draw a force diagram and choose good coordinates. Let f; and N act

at the point of contact. Next, write N2 for translation and rotation both. Solve
for f; (which will not contain pg!). You can solve for the acceleration a(t) if you
wish as well (this might have been part of the question, and may be needed in
order to most easily find £). Use f; < usN to determine the time that the disk

will start to slip.
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Rolling with Slipping

@ A disk with mass M, radius R, is sitting on

a rough floor with coefficients of friction
lk,s respectively. It is pulled by a force
F(t) = At that increases linearly with
time (A is a constant with units N/sec).
Write an expression for f5(t), the
magnitude of the force of static friction as
a function of time. Find the time t; that
the disk starts to slip instead of roll without

Solution Map:

slipping.

As always, draw a force diagram and choose good coordinates. Let f; and N act
at the point of contact. Next, write N2 for translation and rotation both. Solve
for f; (which will not contain pg!). You can solve for the acceleration a(t) if you
wish as well (this might have been part of the question, and may be needed in
order to most easily find £). Use f; < usN to determine the time that the disk
will start to slip. If you like, find the independent linear and angular accelerations
after it starts to slip (this could easily have been a question too).
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Rolling with Slipping

@ A disk with mass M, radius R, is sitting on
a rough floor with coefficients of friction
lk,s respectively. It is pulled by a force

M F(t) = At that increases linearly with

F time (A is a constant with units N/sec).

Write an expression for f5(t), the

magnitude of the force of static friction as

a function of time. Find the time t; that

the disk starts to slip instead of roll without

slipping.

Solution Map:

As always, draw a force diagram and choose good coordinates. Let f; and N act
at the point of contact. Next, write N2 for translation and rotation both. Solve
for f; (which will not contain pg!). You can solve for the acceleration a(t) if you
wish as well (this might have been part of the question, and may be needed in
order to most easily find £). Use f; < usN to determine the time that the disk
will start to slip. If you like, find the independent linear and angular accelerations
after it starts to slip (this could easily have been a question too).

* _ The solution is on the next page. Don't advance until you are ready!

Robert G. Brown Introductory Physics 141/151/161



Rolling with Slipping-Solution

Choose coordinates so a
direction). Then:

= Ra (in x-
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Rolling with Slipping-Solution

M

z(out) X

. Choose coordinates so a
@ + (in) direction). Then:

1
F—fi=Ma 7y=FfR= 5/W:?Zi

= Ra (in x-

R
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Rolling with Slipping-Solution

M

z(out)

X

(X) +0 (in)

3
FZEMai

Simplify and add:

Choose coordinates so a
direction). Then:

1
F-fi=Ma 7= fR= MRS

= Ra (in x-

R

_2F(t)
T 3

f.

1 1
= ZF(t) = At
30 =3
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Rolling with Slipping-Solution

y . Choose coordinates so a = Ra (in x-
@ + (in) direction). Then:

z(out) X

1
F-fi=Ma 7n=£fR= 5/vu;?zj%

Simplify and add:

3 2F(t) 1 1
F=>M — 2V CF(t)=ZA
5 a=|a M 3 (1) 3 t

Next, note that N — Mg = 0 = N = Mg and find the slip time t:

1 1 M
fi = SAt < psN = 1sMg = ZAL = i Mg = rs=3“A £
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Rolling with Slipping-Solution

y . Choose coordinates so a = Ra (in x-
@ + (in) direction). Then:

z(out) X

1
F-fi=Ma 7n=£fR= 5/vu;?zj%

Simplify and add:

3 2F(t) 1 1
F=>M — 2V CF(t)=ZA
5 a=|a M 3 (1) 3 t

Next, note that N — Mg = 0 = N = Mg and find the slip time t:

_ 3usMg
A

1 1
fe = §At < usN = pusMg = §At = usMg = | ts

Finally, after it slips, fx = pxMg and hence:
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Rolling with Slipping-Solution
Choose coordinates so a = Ra (in x-

y
@ + (in) direction). Then:

X

z(out)

Simplify and add:

1
F—fi=Ma 7= fR= 5/vu;?zj%

3 2F(t) 1 1
F==-Ma=|a=—"f,=-F(t)= ZAt
Ma=|2= 3 F=3F( =3
Next, note that N — Mg = 0 = N = Mg and find the slip time t:
1 1 sM,
f = At < usN = usMg = - Ats = usMg = ts:3,u g
3 3 A
Finally, after it slips, fx = pxMg and hence:
At 1
F— Mg =Ma' =|a = T — jug| Rf = RucMg = MR’ = o/ = %
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Rolling with Slipping-Solution Comments

o Note Well: 2’ £ o/'R!
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Rolling with Slipping-Solution Comments

o Note Well: 2’ £ o/'R!
@ We could integrate to find x(t) and v(t) as well, e.g.:

DAY A tA A
t) = dt' = —¢2 t :/ —?%dt' = —t3for (t< t
v(®) /0 ETV R TV LR NETY, om" for (1= 19))
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Rolling with Slipping-Solution Comments

o Note Well: 2’ £ o/'R!
@ We could integrate to find x(t) and v(t) as well, e.g.:

DAY A tA A
t) = dt' = —¢2 t :/ —?%dt' = —t3for (t< t
v(®) /0 ETV R TV LR NETY, om" for (1= 19))

@ For practice, see if you can find v(t) and x(t) for times t > t;. Use the result
above to find xg and v and then integrate a’(t) twice!
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Rolling with Slipping-Solution Comments

o Note Well: 2’ £ o/'R!
@ We could integrate to find x(t) and v(t) as well, e.g.:

DAY A tA A
t) = dt' = —¢2 t :/ —?%dt' = —t3for (t< t
v(®) /0 ETV R TV LR NETY, om" for (1= 19))

@ For practice, see if you can find v(t) and x(t) for times t > t;. Use the result
above to find xg and v and then integrate a’(t) twice!

@ Note Well! We can solve for everything using just F for the applied force and
substitute F = At only at the end when we need it!
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Rolling with Slipping-Solution Comments

o Note Well: 2’ £ o/'R!
@ We could integrate to find x(t) and v(t) as well, e.g.:

DAY A tA A
t) = dt' = —¢2 t :/ —?%dt' = —t3for (t< t
v(®) /0 ETV R TV LR NETY, om" for (1= 19))

@ For practice, see if you can find v(t) and x(t) for times t > t;. Use the result
above to find xg and v and then integrate a’(t) twice!

@ Note Well! We can solve for everything using just F for the applied force and
substitute F = At only at the end when we need it!

@ And note above all that f; = %At # psN. We only use usN to find the
(critical) slipping point, never to find £ itself!
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A Bullet Grazes a Sphere

A small bullet of mass m fired at an initial speed
of vp grazes a free (unpivoted!) sphere sphere of
mass M and radius R (I = 2 MR?) grazes the sur-
face of the sphere at its equator and emerges trav-
elling along the same line at the reduced speed
Vi = V0/2.
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A small bullet of mass m fired at an initial speed
of vp grazes a free (unpivoted!) sphere sphere of
mass M and radius R (I = 2 MR?) grazes the sur-
face of the sphere at its equator and emerges trav-
elling along the same line at the reduced speed
Vi = V0/2.

Find: Qf the angular velocity of the sphere after the collision; the velocity v¢ of
the center of mass of the sphere after the collision; the energy lost during the
collision. Is there any value of m (relative to M) for which this collision is elastic?
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collision. Is there any value of m (relative to M) for which this collision is elastic?
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A Bullet Grazes a Sphere

A small bullet of mass m fired at an initial speed
of vp grazes a free (unpivoted!) sphere sphere of
mass M and radius R (I = 2 MR?) grazes the sur-
face of the sphere at its equator and emerges trav-
elling along the same line at the reduced speed
Vi = V0/2.

m v,

Find: Qf the angular velocity of the sphere after the collision; the velocity v¢ of
the center of mass of the sphere after the collision; the energy lost during the
collision. Is there any value of m (relative to M) for which this collision is elastic?

Solution Map:
Start by drawing/visualizing the state right after the collision.
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A Bullet Grazes a Sphere

A small bullet of mass m fired at an initial speed
of vp grazes a free (unpivoted!) sphere sphere of
mass M and radius R (I = 2 MR?) grazes the sur-
face of the sphere at its equator and emerges trav-
elling along the same line at the reduced speed
Vi = V0/2.

Find: Qf the angular velocity of the sphere after the collision; the velocity v¢ of
the center of mass of the sphere after the collision; the energy lost during the
collision. Is there any value of m (relative to M) for which this collision is elastic?

Solution Map:
Start by drawing/visualizing the state right after the collision. Both linear
momentum and angular momentum are conserved.
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A Bullet Grazes a Sphere

A small bullet of mass m fired at an initial speed
of vp grazes a free (unpivoted!) sphere sphere of
mass M and radius R (I = 2 MR?) grazes the sur-
face of the sphere at its equator and emerges trav-
elling along the same line at the reduced speed
Vi = V0/2.

m v,

Find: Qf the angular velocity of the sphere after the collision; the velocity v¢ of
the center of mass of the sphere after the collision; the energy lost during the
collision. Is there any value of m (relative to M) for which this collision is elastic?

Solution Map:

Start by drawing/visualizing the state right after the collision. Both linear
momentum and angular momentum are conserved. Use these concepts to find v¢
(to the right) and Q.
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A Bullet Grazes a Sphere

A small bullet of mass m fired at an initial speed
of vp grazes a free (unpivoted!) sphere sphere of
mass M and radius R (I = 2 MR?) grazes the sur-
face of the sphere at its equator and emerges trav-
elling along the same line at the reduced speed
Vi = V0/2.

m v,

Find: Qf the angular velocity of the sphere after the collision; the velocity v¢ of
the center of mass of the sphere after the collision; the energy lost during the
collision. Is there any value of m (relative to M) for which this collision is elastic?

Solution Map:

Start by drawing/visualizing the state right after the collision. Both linear
momentum and angular momentum are conserved. Use these concepts to find v¢
(to the right) and Q¢. Then use AE = Ef — E; to find the energy (lost).
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A Bullet Grazes a Sphere

A small bullet of mass m fired at an initial speed
of vp grazes a free (unpivoted!) sphere sphere of
mass M and radius R (I = 2 MR?) grazes the sur-
face of the sphere at its equator and emerges trav-
elling along the same line at the reduced speed
Vi = V0/2.

m v,

Find: Qf the angular velocity of the sphere after the collision; the velocity v¢ of
the center of mass of the sphere after the collision; the energy lost during the
collision. Is there any value of m (relative to M) for which this collision is elastic?

Solution Map:

Start by drawing/visualizing the state right after the collision. Both linear
momentum and angular momentum are conserved. Use these concepts to find v¢
(to the right) and Q¢. Then use AE = Ef — E; to find the energy (lost). Finally,
see if any value of m will make AE = 0.
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A Bullet Grazes a Sphere

A small bullet of mass m fired at an initial speed
of vp grazes a free (unpivoted!) sphere sphere of
mass M and radius R (I = 2 MR?) grazes the sur-
face of the sphere at its equator and emerges trav-
elling along the same line at the reduced speed
Vi = V0/2.

m v,

Find: Qf the angular velocity of the sphere after the collision; the velocity v¢ of
the center of mass of the sphere after the collision; the energy lost during the
collision. Is there any value of m (relative to M) for which this collision is elastic?

Solution Map:

Start by drawing/visualizing the state right after the collision. Both linear
momentum and angular momentum are conserved. Use these concepts to find v¢
(to the right) and Q¢. Then use AE = Ef — E; to find the energy (lost). Finally,
see if any value of m will make AE = 0. Don't forget to give directions! The
problem asks for velocities which are vectors! A picky instructor will take off
points if you just give magnitudes!
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A Bullet Grazes a Sphere

A small bullet of mass m fired at an initial speed
of vp grazes a free (unpivoted!) sphere sphere of
mass M and radius R (I = 2 MR?) grazes the sur-
face of the sphere at its equator and emerges trav-
elling along the same line at the reduced speed
Vi = V0/2.

Find: Qf the angular velocity of the sphere after the collision; the velocity v¢ of
the center of mass of the sphere after the collision; the energy lost during the
collision. Is there any value of m (relative to M) for which this collision is elastic?

Solution Map:

Start by drawing/visualizing the state right after the collision. Both linear
momentum and angular momentum are conserved. Use these concepts to find v¢
(to the right) and Q¢. Then use AE = Ef — E; to find the energy (lost). Finally,
see if any value of m will make AE = 0. Don't forget to give directions! The
problem asks for velocities which are vectors! A picky instructor will take off
points if you just give magnitudes!

* - The solution is on the next page. Don’t advance until you are ready!
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A Bullet Grazes a Sphere-Solution

Start by drawing/visualizing the final state of the
rotating sphere.
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A Bullet Grazes a Sphere-Solution

Start by drawing/visualizing the final state of the
rotating sphere. (v; = vp/2 and x-directed mo-
tion only). Then:
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A Bullet Grazes a Sphere-Solution

Start by drawing/visualizing the final state of the
rotating sphere. (v; = vp/2 and x-directed mo-
tion only). Then:

pi = mvp = mvy + Mvf = pr = vE= oV
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A Bullet Grazes a Sphere-Solution

Start by drawing/visualizing the final state of the
rotating sphere. (v; = vp/2 and x-directed mo-
tion only). Then:

pi = mvp = mvy + Mvf = pr = vE= oV

o 5mv0
~ 4MR

Li=mwR=mvR+IQr = Lf = | Qf
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A Bullet Grazes a Sphere-Solution

Start by drawing/visualizing the final state of the
rotating sphere. (v; = vp/2 and x-directed mo-
tion only). Then:

= = + Mvs = pr = =
pi = mvyg = mvy VF = pr Vf—2MV0
L = R=m R+/Q—L:>Q—5VO
P M= mn P = 4MR

Then compute initial and final energies and form AE (use Kot = %IQ%):
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A Bullet Grazes a Sphere-Solution

Start by drawing/visualizing the final state of the
rotating sphere. (v; = vp/2 and x-directed mo-
tion only). Then:

pi = mvg = mvy + Mvf = pr = Vi = 5V
L= mvoR = muR+1Qs = Ly = | Qp = 270
i = my = mv f=Lr f_4/\/]R

Then compute initial and final energies and form AE (use Kot = %IQ%):
1, 1 v02 mvoN2 1 /2 O\ [(5mv\’
E=omi  Er=ym(3) + M(2M) 3 MR ) aur

1 7 1
AE:<{+m}1> Lo |and AE =0 it | m=2m
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Static Equilibrium: Carrying A Box Up the Stairs

@ Two students are carrying a heavy box of
mass m, width w, and height h up the
stairs (with center of mass in the middle).
The stairs make an angle 6. How is the
weight distributed between the two
workers?
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Static Equilibrium: Carrying A Box Up the Stairs

Robert G. Brown

@ Two students are carrying a heavy box of
mass m, width w, and height h up the
stairs (with center of mass in the middle).
The stairs make an angle 6. How is the
weight distributed between the two
workers?

@ First, choose a good pivot and coordinate
frame for the torque! Avoid the frame
needing ¢ = tan"!(h/w) in the trig!
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Static Equilibrium: Carrying A Box Up the Stairs

@ Two students are carrying a heavy box of
mass m, width w, and height h up the
stairs (with center of mass in the middle).
The stairs make an angle 6. How is the
weight distributed between the two
workers?

@ First, choose a good pivot and coordinate
frame for the torque! Avoid the frame
needing ¢ = tan"!(h/w) in the trig!

Z
An optimal choice of frame uses the vertical direction for force balance and the
tipped frame shown for evaluating the torque. I've provided some useful angles in
the figure.
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@ Two students are carrying a heavy box of
mass m, width w, and height h up the
stairs (with center of mass in the middle).
The stairs make an angle 6. How is the
weight distributed between the two
workers?

@ First, choose a good pivot and coordinate
frame for the torque! Avoid the frame
needing ¢ = tan"!(h/w) in the trig!

An optianaI choice of frame uses the vertical direction for force balance and the
tipped frame shown for evaluating the torque. I've provided some useful angles in
the figure. For the torque, first decompose the forces in the tipped frame using 6
only (not ¢!).
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@ Two students are carrying a heavy box of
mass m, width w, and height h up the
stairs (with center of mass in the middle).
The stairs make an angle 6. How is the
weight distributed between the two
workers?

@ First, choose a good pivot and coordinate
frame for the torque! Avoid the frame
needing ¢ = tan"!(h/w) in the trig!

An optianaI choice of frame uses the vertical direction for force balance and the
tipped frame shown for evaluating the torque. I've provided some useful angles in
the figure. For the torque, first decompose the forces in the tipped frame using 6
only (not ¢!). Can you now write down equations for force balance and torque
balance?
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@ Two students are carrying a heavy box of
mass m, width w, and height h up the
stairs (with center of mass in the middle).
The stairs make an angle 6. How is the
weight distributed between the two
workers?

@ First, choose a good pivot and coordinate
frame for the torque! Avoid the frame
needing ¢ = tan"!(h/w) in the trig!

An optianaI choice of frame uses the vertical direction for force balance and the
tipped frame shown for evaluating the torque. I've provided some useful angles in
the figure. For the torque, first decompose the forces in the tipped frame using 6
only (not ¢!). Can you now write down equations for force balance and torque
balance? Can you solve the torque balance equation for F,?
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Static Equilibrium: Carrying A Box Up the Stairs

@ Two students are carrying a heavy box of
mass m, width w, and height h up the
stairs (with center of mass in the middle).
The stairs make an angle 6. How is the
weight distributed between the two
workers?

@ First, choose a good pivot and coordinate
frame for the torque! Avoid the frame
needing ¢ = tan"!(h/w) in the trig!

An optianaI choice of frame uses the vertical direction for force balance and the
tipped frame shown for evaluating the torque. I've provided some useful angles in
the figure. For the torque, first decompose the forces in the tipped frame using 6
only (not ¢!). Can you now write down equations for force balance and torque
balance? Can you solve the torque balance equation for F,7 Can you back
substitute to find F?
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Static Equilibrium: Carrying A Box Up the Stairs

@ Two students are carrying a heavy box of
mass m, width w, and height h up the
stairs (with center of mass in the middle).
The stairs make an angle 6. How is the
weight distributed between the two
workers?

@ First, choose a good pivot and coordinate
frame for the torque! Avoid the frame
needing ¢ = tan"!(h/w) in the trig!

An optianaI choice of frame uses the vertical direction for force balance and the
tipped frame shown for evaluating the torque. I've provided some useful angles in
the figure. For the torque, first decompose the forces in the tipped frame using 6
only (not ¢!). Can you now write down equations for force balance and torque
balance? Can you solve the torque balance equation for F,7 Can you back
substitute to find F?

* — The solution is on the next page. Don’t advance until you are ready!
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Static Equilibrium: Carrying A Box Up the Stairs-Solution

@ Two students are carrying a heavy box of
mass m, width w, and height h up the
stairs (with center of mass in the middle).
The stairs make an angle 6. How is the
weight distributed between the two
workers?
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Static Equilibrium: Carrying A Box Up the Stairs-Solution

@ Two students are carrying a heavy box of
mass m, width w, and height h up the
stairs (with center of mass in the middle).
The stairs make an angle 6. How is the
weight distributed between the two
workers?

o fo = Fysind, F,, = Fycos0,
Fgx = —mgsinf, Fzy = —mgcos§.
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Static Equilibrium: Carrying A Box Up the Stairs-Solution

Robert G. Brown

@ Two students are carrying a heavy box of
mass m, width w, and height h up the
stairs (with center of mass in the middle).
The stairs make an angle 6. How is the
weight distributed between the two
workers?

o fo = Fysind, F,, = Fycos0,
Fgx = —mgsinf, Fzy = —mgcos§.
o (Vertically) F1 + F, —mg =0
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Static Equilibrium: Carrying A Box Up the Stairs-Solution

Robert G. Brown

@ Two students are carrying a heavy box of
mass m, width w, and height h up the
stairs (with center of mass in the middle).
The stairs make an angle 6. How is the
weight distributed between the two
workers?

o fo = Fysind, F,, = Fycos0,
Fgx = —mgsinf, Fzy = —mgcos§.
o (Vertically) F1 + F, —mg =0

@ 7, =wFycosf — %(WCOSG — hsing) =0
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Static Equilibrium: Carrying A Box Up the Stairs-Solution

@ Two students are carrying a heavy box of
mass m, width w, and height h up the
stairs (with center of mass in the middle).
The stairs make an angle 6. How is the
weight distributed between the two

workers?
o fo = Fysind, F,, = Fycos0,
Fgx = —mgsinf, Fzy = —mgcos§.

o (Vertically) 1 + F, —mg =0

@ 7, =wFycosf — %(WCOSQ — hsing) =0

h h
<1——tan9) and | F, = € (1+—tan9>
w 2 w

Robert G. Brown
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Static Equilibrium: Carrying A Box Up the Stairs-Solution

@ Two students are carrying a heavy box of
mass m, width w, and height h up the
stairs (with center of mass in the middle).
The stairs make an angle 6. How is the
weight distributed between the two

workers?
o fo = Fysind, F,, = Fycos0,
Fgx = —mgsinf, Fzy = —mgcos§.

o (Vertically) 1 + F, —mg =0

@ 7, =wFycosf — %(WCOSQ — hsing) =0

h h
<1——tan9) and | F, = € (1+—tan9>
w 2 w

Note: F1 > F, for all 6 € (0,7/2). It's better to be the student at the top!
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Static Equilibrium: Carrying A Box Up the Stairs-Solution

@ Two students are carrying a heavy box of
mass m, width w, and height h up the
stairs (with center of mass in the middle).
The stairs make an angle 6. How is the
weight distributed between the two

workers?
o fo = Fysind, F,, = Fycos0,
Fgx = —mgsinf, Fzy = —mgcos§.

o (Vertically) 1 + F, —mg =0

@ 7, =wFycosf — %(WCOSQ — hsing) =0

h h
<1——tan9) and | F, = € <1+—tan0>
w 2 w

Note: F1 > F, for all 6 € (0,7/2). It's better to be the student at the top! Note:
Fi = mg when 6 = tan™? % At this point F, = 0 and the student at the top is
just helping balance the load!
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Draining into a Lake

A

@ The figure shows a rain-barrel that drains
into a nearby lake through an underground
pipe. The cross sectional area of the pipe is
a, the top of the barrel has area A > a, the
water has a height H in the barrel, and the
pipe enters the lake at a depth D. Find v,,
the speed with which the water drains into
the lake through the pipe, and the rate of
flow through the pipe. Lake and barrel are
obviously open to air pressure.

Robert G. Brown
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Draining into a Lake

@ The figure shows a rain-barrel that drains

A into a nearby lake through an underground
pipe. The cross sectional area of the pipe is
a, the top of the barrel has area A > a, the
water has a height H in the barrel, and the
pipe enters the lake at a depth D. Find v,,
the speed with which the water drains into
the lake through the pipe, and the rate of
flow through the pipe. Lake and barrel are
obviously open to air pressure.

Pick good coordinates — the y origin at the height of the pipe opening, for
example.
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A into a nearby lake through an underground
pipe. The cross sectional area of the pipe is
a, the top of the barrel has area A > a, the
water has a height H in the barrel, and the
pipe enters the lake at a depth D. Find v,,
the speed with which the water drains into
the lake through the pipe, and the rate of
flow through the pipe. Lake and barrel are
obviously open to air pressure.

Pick good coordinates — the y origin at the height of the pipe opening, for
example. This is a Bernoulli's Formula problem, so start by writing it down.
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Draining into a Lake

@ The figure shows a rain-barrel that drains
A into a nearby lake through an underground
pipe. The cross sectional area of the pipe is
a, the top of the barrel has area A > a, the
water has a height H in the barrel, and the
pipe enters the lake at a depth D. Find v,,
the speed with which the water drains into
the lake through the pipe, and the rate of
flow through the pipe. Lake and barrel are
obviously open to air pressure.
Pick good coordinates — the y origin at the height of the pipe opening, for
example. This is a Bernoulli’'s Formula problem, so start by writing it down. You'll
also need conservation of flow at the top of the barrel and the opening of the

pipe.
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Draining into a Lake

@ The figure shows a rain-barrel that drains

A into a nearby lake through an underground
pipe. The cross sectional area of the pipe is
a, the top of the barrel has area A > a, the
water has a height H in the barrel, and the
pipe enters the lake at a depth D. Find v,,
the speed with which the water drains into
the lake through the pipe, and the rate of
flow through the pipe. Lake and barrel are
obviously open to air pressure.

Pick good coordinates — the y origin at the height of the pipe opening, for
example. This is a Bernoulli’'s Formula problem, so start by writing it down. You'll
also need conservation of flow at the top of the barrel and the opening of the
pipe. The trickiest part of this solution is that you need to use the static pressure
P, at the mouth of the pipe in Bernoulli's Formula, which is not given in the
problem.
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Draining into a Lake

@ The figure shows a rain-barrel that drains

A into a nearby lake through an underground
pipe. The cross sectional area of the pipe is
a, the top of the barrel has area A > a, the
water has a height H in the barrel, and the
pipe enters the lake at a depth D. Find v,,
the speed with which the water drains into
the lake through the pipe, and the rate of
flow through the pipe. Lake and barrel are
obviously open to air pressure.

Pick good coordinates — the y origin at the height of the pipe opening, for
example. This is a Bernoulli’'s Formula problem, so start by writing it down. You'll
also need conservation of flow at the top of the barrel and the opening of the
pipe. The trickiest part of this solution is that you need to use the static pressure
P, at the mouth of the pipe in Bernoulli's Formula, which is not given in the
problem. Use the “Torricelli assumption” A >> a (really, for the lake side as well)
and solve the Bernoulli formula for v,!
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Draining into a Lake

@ The figure shows a rain-barrel that drains

A into a nearby lake through an underground
pipe. The cross sectional area of the pipe is
a, the top of the barrel has area A > a, the
water has a height H in the barrel, and the
pipe enters the lake at a depth D. Find v,,
the speed with which the water drains into
the lake through the pipe, and the rate of
flow through the pipe. Lake and barrel are
obviously open to air pressure.

Pick good coordinates — the y origin at the height of the pipe opening, for
example. This is a Bernoulli’'s Formula problem, so start by writing it down. You'll
also need conservation of flow at the top of the barrel and the opening of the
pipe. The trickiest part of this solution is that you need to use the static pressure
P, at the mouth of the pipe in Bernoulli's Formula, which is not given in the
problem. Use the “Torricelli assumption” A >> a (really, for the lake side as well)
and solve the Bernoulli formula for v,!

* - The solution is on the next page. Don't advance until you are ready!
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Draining into a Lake-Solution

A y

Choose coordinates like those shown.

H+D
+ D,/vp
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Draining into a Lake-Solution
A

——P Choose coordinates like those shown.

a

l Evaluate P, = P, + pgD.
a
D
/v
N
B

H+D
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H+D

a

:

Draining into a Lake-Solution
A

——P

Choose coordinates like those shown.
Evaluate P, = P, + pgD. Apply Bernoulli
Formula:

a
P/,
N

B

1 1
P, + pg(H + D) + 5pvg =P, + Epvs

Robert G. Brown
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H+D

a

:

Draining into a Lake-Solution
A

——P

Choose coordinates like those shown.
Evaluate P, = P, + pgD. Apply Bernoulli
Formula:

a
P/,
N

B

1 1
P, + pg(H + D) + 5pvg =P, + Epvs

or (neglecting %pv,f because v < v, because A >> a — Torricelli assumption):

1
5PVp = Pat pgtl + pgD — P — pgD = pgH = | v, = /2gH

Robert G. Brown
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——P

a

:

H+D

Draining into a Lake-Solution
A

Choose coordinates like those shown.
Evaluate P, = P, + pgD. Apply Bernoulli
Formula:

a
P/,
N

B

1 1
P, + pg(H + D) + 5pvg =P, + §pv§

or (neglecting %pv,f because v < v, because A >> a — Torricelli assumption):

1
5PVp = Pat pgtl + pgD — P — pgD = pgH = | v, = /2gH

This makes sense! If H = 0, the water will not flow (v, = 0). The contribution to
the pressure from the extra depth D basically cancels out.

Robert G. Brown
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Draining into a Lake-Solution
A

y
——P Choose coordinates like those shown.
l Evaluate P, = P, + pgD. Apply Bernoulli
H+D b a Formula:
'/V" L 1
\P X Pa+ﬂg(H+D)+§PVb:Pp+§PVp
P

or (neglecting %pv,f because v < v, because A >> a — Torricelli assumption):

1
5PVp = Pat pgtl + pgD — P — pgD = pgH = | v, = /2gH

This makes sense! If H = 0, the water will not flow (v, = 0). The contribution to
the pressure from the extra depth D basically cancels out.

The flow is then easy:

lp = vpa = ay/2gH

where the speed in the pipe is much larger than the speed of water in either the
rainbarrel or the body of the lake.
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Oscillations: A Rolling Pendulum

g @ A disk of mass m and radius r is gently set
' on a rough circular floor so that it makes
an angle 6y relative to a vertical through
the center of curvature of the floor, with its
center of mass a distance R from the
center of curvature as shown, and is

,
,
,
0
,
/Yo

released from rest at t = 0 so that it rolls
without slipping and oscillates.

@ Find: a) w of the oscillation; b) 6(t); c)
fs(t) (the force of static friction as a
function of time/).
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Oscillations: A Rolling Pendulum

g @ A disk of mass m and radius r is gently set
' on a rough circular floor so that it makes
an angle 6y relative to a vertical through
the center of curvature of the floor, with its
center of mass a distance R from the
center of curvature as shown, and is

,
,
,
0
,
/Yo

released from rest at t = 0 so that it rolls
without slipping and oscillates.

@ Find: a) w of the oscillation; b) 6(t); c)
fs(t) (the force of static friction as a
function of time/).

Draw a force diagram on the rolling mass at a general angle 6.
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Oscillations: A Rolling Pendulum

g @ A disk of mass m and radius r is gently set
on a rough circular floor so that it makes
an angle 6y relative to a vertical through
the center of curvature of the floor, with its
center of mass a distance R from the
center of curvature as shown, and is
released from rest at t = 0 so that it rolls
without slipping and oscillates.

@ Find: a) w of the oscillation; b) 6(t); c)
fs(t) (the force of static friction as a

! function of timel).

Draw a force diagram on the rolling mass at a general angle §. Choose a positive
direction for  and (I recommend) choose to use s = R as a linear coordinate
and choose a pivot either at the CM of the disk or the point where it touches the
floor.
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Oscillations: A Rolling Pendulum

g @ A disk of mass m and radius r is gently set
on a rough circular floor so that it makes
an angle 6y relative to a vertical through
the center of curvature of the floor, with its
center of mass a distance R from the
center of curvature as shown, and is
released from rest at t = 0 so that it rolls
without slipping and oscillates.

@ Find: a) w of the oscillation; b) 6(t); c)
fs(t) (the force of static friction as a

! function of timel).

Draw a force diagram on the rolling mass at a general angle §. Choose a positive
direction for  and (I recommend) choose to use s = R as a linear coordinate
and choose a pivot either at the CM of the disk or the point where it touches the
floor. Write N2 for both torque and force.
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Oscillations: A Rolling Pendulum

g @ A disk of mass m and radius r is gently set
on a rough circular floor so that it makes
an angle 6y relative to a vertical through
the center of curvature of the floor, with its
center of mass a distance R from the
center of curvature as shown, and is
released from rest at t = 0 so that it rolls
without slipping and oscillates.

@ Find: a) w of the oscillation; b) 6(t); c)
fs(t) (the force of static friction as a

! function of timel).

Draw a force diagram on the rolling mass at a general angle §. Choose a positive
direction for  and (I recommend) choose to use s = R as a linear coordinate
and choose a pivot either at the CM of the disk or the point where it touches the
floor. Write N2 for both torque and force. Rearrange into SHOE, find w, write
0(t) = s/R, and backsubstitute to find f.
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Oscillations: A Rolling Pendulum

g @ A disk of mass m and radius r is gently set
on a rough circular floor so that it makes
an angle 6y relative to a vertical through
the center of curvature of the floor, with its
center of mass a distance R from the
center of curvature as shown, and is
released from rest at t = 0 so that it rolls
without slipping and oscillates.

@ Find: a) w of the oscillation; b) 6(t); c)
fs(t) (the force of static friction as a

! function of timel).

Draw a force diagram on the rolling mass at a general angle §. Choose a positive
direction for  and (I recommend) choose to use s = R as a linear coordinate
and choose a pivot either at the CM of the disk or the point where it touches the
floor. Write N2 for both torque and force. Rearrange into SHOE, find w, write
0(t) = s/R, and backsubstitute to find f.

* - The solution is on the next page. Don’t advance until you are ready!
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Oscillations: A Rolling Pendulum-Solution

We'll make 6 positive into the page, s positive to
the left. Then:

ds do d’s d?0

:—:Ri —_ —_— = -
dt dac’ T de dt?

Vi
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Oscillations: A Rolling Pendulum-Solution

We'll make 6 positive into the page, s positive to
the left. Then:

b _pd0 s

Tde dt T -

v,
! dt? dt?
We write N2 for translation:

fs — mgsinf = a;
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Oscillations: A Rolling Pendulum-Solution

We'll make 6 positive into the page, s positive to
the left. Then:

b _pd0 s

Tde dt T -

v,
! dt? dt?
We write N2 for translation:

fs — mgsinf = a;
The rolling constraint is tricky. It involves little r
and the angle ¢ through which the disk rotates,

and when v; is positive, Qgisx = % is negative
(out of the page), so: v = —rQuisk, ar = —raudisk
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Oscillations: A Rolling Pendulum-Solution

We'll make 6 positive into the page, s positive to
the left. Then:

b _pd0 s

Tde dt T -

v,
! dt? dt?
We write N2 for translation:

fs — mgsinf = a;
The rolling constraint is tricky. It involves little r
and the angle ¢ through which the disk rotates,

and when v; is positive, Qgisx = % is negative
Y ‘ (out of the page), so: v = —rQuisk, ar = —raudisk

Using this, we write N2 for rotation using the CM of the disk as pivot:

1 1
rfs = Emrza = f,= —Emat.
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Oscillations: A Rolling Pendulum-Solution

We'll make 6 positive into the page, s positive to
the left. Then:

b _pd0 s

Tde dt T -

v,
! dt? dt?
We write N2 for translation:

fs — mgsinf = a;
The rolling constraint is tricky. It involves little r
and the angle ¢ through which the disk rotates,

and when v; is positive, Qgisx = % is negative
Y ‘ (out of the page), so: v = —rQuisk, ar = —raudisk
Using this, we write N2 for rotation using the CM of the disk as pivot:
1 1 _ d?0
rfs = Emrzoz = f,= —Emat. Subtract the two N2s: —mgsinf = EmRW'
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Oscillations: A Rolling Pendulum-Solution

We'll make 6 positive into the page, s positive to
the left. Then:

b _pd0 s

Tde dt T -

v,
! dt? dt?
We write N2 for translation:

fs — mgsinf = a;
The rolling constraint is tricky. It involves little r
and the angle ¢ through which the disk rotates,

and when v; is positive, Qgisx = % is negative
Y ‘ (out of the page), so: v = —rQuisk, ar = —raudisk
Using this, we write N2 for rotation using the CM of the disk as pivot:
1 1 _ d?0
rfs = Emrzoz = f,= —Emat. Subtract the two N2s: —mgsinf = EmRW'

make the small angle approximation and rearrange into
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Oscillations: A Rolling Pendulum-Solution

We'll make 6 positive into the page, s positive to
the left. Then:

b _pd0 s

Tde dt T

v,
! dt? dt?
We write N2 for translation:

fs — mgsinf = a;
The rolling constraint is tricky. It involves little r
and the angle ¢ through which the disk rotates,

and when v; is positive, Qgisx = % is negative
Y ‘ (out of the page), so: v = —rQuisk, ar = —raudisk
Using this, we write N2 for rotation using the CM of the disk as pivot:
1 1 d?0
rfs = Emrzoz = f,= —Emat. Subtract the two N2s: —mgsinf = EmRW'

d?0 2
make the small angle approximation and rearrange into e + %0 = 0. Thus:
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Oscillations: A Rolling Pendulum-Solution

We'll make 6 positive into the page, s positive to
the left. Then:

b _pdi s &

dt — dt’ T dt2 T dt?

We write N2 for translation:

Ve =

fs — mgsinf = a;
The rolling constraint is tricky. It involves little r
and the angle ¢ through which the disk rotates,
and when v; is positive, Qgisx = % is negative
Y ‘ (out of the page), so: v = —rQuisk, ar = —raudisk

Using this, we write N2 for rotation using the CM of the disk as pivot:
1 1 d29
rfs = Emrzoz = f,= —Emat. Subtract the two N2s: —mgsinf = 2mR i
2

d<6
make the small angle approximation and rearrange into e + —0 = 0. Thus:

2g 2g 1 mg 2g
=4/= = 1/ f=_Z = 2e i3
w 3R 0(t) = 6 cos( T t) s 5Mar == 6o cos( 3Rt)
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Oscillations: A Rolling Pendulum-Comments

@ Note that £ is a function of timel
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Oscillations: A Rolling Pendulum-Comments

@ Note that £ is a function of timel

@ Note that £ is not pusN. Indeed, both ps and N are irrelevant to the solution
as long as usN is large enough throughout that the disk rolls without slipping.

Robert G. Brown Introductory Physics 141/151/161



Oscillations: A Rolling Pendulum-Comments

@ Note that £ is a function of timel

@ Note that £ is not pusN. Indeed, both ps and N are irrelevant to the solution
as long as usN is large enough throughout that the disk rolls without slipping.

@ Note f; always has the same sign as 6(t) — when it is positive (on the left half
of the curved floor) f; points up the incline, when it is negative (or the right
half of the curved floor) f; points up the incline, to the right! It is symmetric,
as it must be as we could be viewing the solution from the other side of the

page!
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Oscillations: A Rolling Pendulum-Comments

@ Note that £ is a function of timel

@ Note that £ is not pusN. Indeed, both ps and N are irrelevant to the solution
as long as usN is large enough throughout that the disk rolls without slipping.

@ Note f; always has the same sign as 6(t) — when it is positive (on the left half
of the curved floor) f; points up the incline, when it is negative (or the right
half of the curved floor) f; points up the incline, to the right! It is symmetric,
as it must be as we could be viewing the solution from the other side of the
page!

@ If we wanted to find the angular velocity of the disk about its own center of
mass, from the previous page:

_ odo(t) 7 RdaR\/ﬂ_ \/@
*erlsk—RTéﬂdlsk—*7E—7 3—Rsm( 3—Rt)
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Oscillations: A Rolling Pendulum-Comments

@ Note that £ is a function of timel

@ Note that £ is not pusN. Indeed, both ps and N are irrelevant to the solution
as long as usN is large enough throughout that the disk rolls without slipping.

@ Note f; always has the same sign as 6(t) — when it is positive (on the left half
of the curved floor) f; points up the incline, when it is negative (or the right
half of the curved floor) f; points up the incline, to the right! It is symmetric,
as it must be as we could be viewing the solution from the other side of the
page!

@ If we wanted to find the angular velocity of the disk about its own center of
mass, from the previous page:

_ odo(t) 7 RdaR\/ﬂ_ \/@
*erlsk—RTéﬂdlsk—*7E—7 3—Rsm( 3—Rt)

This too makes sense! At t = 0, the disk starts to roll down to the right, so
Quaisk is into the page, positive. You should be able to trace each quarter
cycle of its oscillation and see that everything is consistent and correct.
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Construct a Travelling Wave

Suppose: Amplitude A =1 cm; Wavelength A = 0.5 m; Period T = 0.001 sec
Write down the formula for a transverse wave travelling in the —x direction
What is the speed of the wave on the string in terms of the givens? Which of the
following changes would double the power transmitted by the string (changing
only one of A, T, X and nothing else)?

Change the amplitude to A’ = 0.707 A
Change the amplitude to A’ =2 A
Change the period to T/ =0.707 T
Change the periodto T"=05 T
Change the wavelength to A’ = 0.5 A

DOOdan

Change the wavelength to X' = 2.0 A
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Construct a Travelling Wave

Suppose: Amplitude A =1 cm; Wavelength A = 0.5 m; Period T = 0.001 sec
Write down the formula for a transverse wave travelling in the —x direction
What is the speed of the wave on the string in terms of the givens? Which of the
following changes would double the power transmitted by the string (changing
only one of A, T, X and nothing else)?

Change the amplitude to A’ = 0.707 A
Change the amplitude to A’ =2 A
Change the period to T/ =0.707 T
Change the periodto T"=05 T
Change the wavelength to A’ = 0.5 A
Change the wavelength to X' = 2.0 A

> JOO000g

2 2
Use: y(x,t) = Asi (%x—i— %t)
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Construct a Travelling Wave

Suppose: Amplitude A =1 cm; Wavelength A = 0.5 m; Period T = 0.001 sec
Write down the formula for a transverse wave travelling in the —x direction
What is the speed of the wave on the string in terms of the givens? Which of the
following changes would double the power transmitted by the string (changing
only one of A, T, X and nothing else)?

Change the amplitude to A’ = 0.707 A
Change the amplitude to A’ =2 A
Change the period to T/ =0.707 T
Change the periodto T"=05 T
Change the wavelength to A’ = 0.5 A
Change the wavelength to X' = 2.0 A

2

A

> JOO000g

2
x—i—%t)and v = A

Use: y(x,t) = Asin( T
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Construct a Travelling Wave

Suppose: Amplitude A =1 cm; Wavelength A = 0.5 m; Period T = 0.001 sec
Write down the formula for a transverse wave travelling in the —x direction
What is the speed of the wave on the string in terms of the givens? Which of the
following changes would double the power transmitted by the string (changing
only one of A, T, X and nothing else)?

Change the amplitude to A’ = 0.707 A
Change the amplitude to A’ =2 A
Change the period to T/ =0.707 T
Change the periodto T"=05 T
Change the wavelength to A’ = 0.5 A
Change the wavelength to X' = 2.0 A

2

A

> JOO000g

2 1
X + %t) and v = A and P = - uw?A%v and

Use: y(x,t) = Asin( T 5
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Construct a Travelling Wave

Suppose: Amplitude A =1 cm; Wavelength A = 0.5 m; Period T = 0.001 sec
Write down the formula for a transverse wave travelling in the —x direction
What is the speed of the wave on the string in terms of the givens? Which of the
following changes would double the power transmitted by the string (changing
only one of A, T, X and nothing else)?

Change the amplitude to A’ = 0.707 A
Change the amplitude to A’ =2 A
Change the period to T/ =0.707 T
Change the periodto T"=05 T
Change the wavelength to A’ = 0.5 A
Change the wavelength to X' = 2.0 A

2

A

> JOO000g

Use: y(x,t) = Asin(
needed!

2 1
x+$t) and v = % and P = EMWQAZV and w = - s

Robert G. Brown Introductory Physics 141/151/161



Construct a Travelling Wave

Suppose: Amplitude A =1 cm; Wavelength A = 0.5 m; Period T = 0.001 sec
Write down the formula for a transverse wave travelling in the —x direction
What is the speed of the wave on the string in terms of the givens? Which of the
following changes would double the power transmitted by the string (changing
only one of A, T, X and nothing else)?

Change the amplitude to A’ = 0.707 A
Change the amplitude to A’ =2 A
Change the period to T/ =0.707 T
Change the periodto T"=05 T
Change the wavelength to A’ = 0.5 A
Change the wavelength to X' = 2.0 A

2 1 2
x+$t) and v = % and P = EMWQAZV and w = % as

2

A

> JOO000g

Use: y(x,t) = Asin(
needed!

* - The solution is on the next page. Don’t advance until you are ready!
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Construct a Travelling Wave-Solution

A
‘y(x, t) = 0.01sin(4mx + 20007t) m‘ V=T = 500 m/sec
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Construct a Travelling Wave-Solution

A
‘y(x, t) = 0.01sin(4mx + 20007t) m‘ V=T = 500 m/sec

Start with P = %uw2A2v. Then: P « A?: also both w = 2% and v = % change,
so P %; finally if A\ changes only v changes, so P o< A. Hence:

Change the amplitude to A’ = 0.707 A (No! P o A?)
Change the amplitude to A’ =2 A (No! P oc A?)
Change the period to T/ =0.707 T (No! P oc 35)
Change the period to T/ =0.5 T (No! P +)

Change the wavelength to \' = 0.5 X (No! P x )

XOOOoo

Change the wavelength to \' = 2.0 A (Yes! P x \)
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Passed by the Ambulance

You are slowed down, being overtaken by an am-
bulance that is travelling at twice your speed of
vo- You happen to know from your days work-
ing in EMS that the frequency of the siren of the
ambulance is fy, but the frequency detector app
on your phone reads f; > fy. Using fy, 1 and v,
(the speed of sound in air) find an expression for
vp, the speed of your car at the time. Evaluate
this for fo = 1900 Hz, f; = 2000 Hz.
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Passed by the Ambulance

You are slowed down, being overtaken by an am-
bulance that is travelling at twice your speed of
vo- You happen to know from your days work-
ing in EMS that the frequency of the siren of the
ambulance is fy, but the frequency detector app
on your phone reads f; > fy. Using fy, 1 and v,
(the speed of sound in air) find an expression for
vp, the speed of your car at the time. Evaluate
this for fo = 1900 Hz, f; = 2000 Hz.

Solution Map:
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Passed by the Ambulance

You are slowed down, being overtaken by an am-
bulance that is travelling at twice your speed of
vo- You happen to know from your days work-
ing in EMS that the frequency of the siren of the
ambulance is fy, but the frequency detector app
on your phone reads f; > fy. Using fy, 1 and v,
(the speed of sound in air) find an expression for
vp, the speed of your car at the time. Evaluate
this for fo = 1900 Hz, f; = 2000 Hz.

Solution Map:
You are a moving receiver, the ambulance is a moving source.
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Passed by the Ambulance

You are slowed down, being overtaken by an am-
bulance that is travelling at twice your speed of
vo- You happen to know from your days work-
ing in EMS that the frequency of the siren of the
ambulance is fy, but the frequency detector app
on your phone reads f; > fy. Using fy, 1 and v,
(the speed of sound in air) find an expression for
vp, the speed of your car at the time. Evaluate
this for fo = 1900 Hz, f; = 2000 Hz.

Solution Map:
You are a moving receiver, the ambulance is a moving source. Write down the

combined moving source/moving receiver doppler shift formula for f;, the double
shifted f;.
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Passed by the Ambulance

You are slowed down, being overtaken by an am-
bulance that is travelling at twice your speed of
vo- You happen to know from your days work-
ing in EMS that the frequency of the siren of the
ambulance is fy, but the frequency detector app
on your phone reads f; > fy. Using fy, 1 and v,
(the speed of sound in air) find an expression for
vp, the speed of your car at the time. Evaluate
this for fo = 1900 Hz, f; = 2000 Hz.

Solution Map:

You are a moving receiver, the ambulance is a moving source. Write down the
combined moving source/moving receiver doppler shift formula for f;, the double
shifted fy. Solve this equation algebraically for vy in terms of v, (I like to use

X = Vp/V, in the algebra until the end).
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Passed by the Ambulance

You are slowed down, being overtaken by an am-
bulance that is travelling at twice your speed of
vo- You happen to know from your days work-
ing in EMS that the frequency of the siren of the
ambulance is fy, but the frequency detector app
on your phone reads f; > fy. Using fy, 1 and v,
(the speed of sound in air) find an expression for
vp, the speed of your car at the time. Evaluate
this for fo = 1900 Hz, f; = 2000 Hz.

Solution Map:

You are a moving receiver, the ambulance is a moving source. Write down the
combined moving source/moving receiver doppler shift formula for f;, the double
shifted fy. Solve this equation algebraically for vy in terms of v, (I like to use

X = Vp/ v, in the algebra until the end). If you don't remember the doppler shift
formula, it is given next. If you do remember it, finish your work before revealing

the next step:
o1t _ _ . :
fl = T v fo (upper signs approaching, lower signs receding).
Va
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Passed by the Ambulance

You are slowed down, being overtaken by an am-
bulance that is travelling at twice your speed of
vo- You happen to know from your days work-
ing in EMS that the frequency of the siren of the
ambulance is fy, but the frequency detector app
on your phone reads f; > fy. Using fy, 1 and v,
(the speed of sound in air) find an expression for
vp, the speed of your car at the time. Evaluate
this for fo = 1900 Hz, f; = 2000 Hz.

Solution Map:

You are a moving receiver, the ambulance is a moving source. Write down the
combined moving source/moving receiver doppler shift formula for f;, the double
shifted fy. Solve this equation algebraically for vy in terms of v, (I like to use

X = Vp/ v, in the algebra until the end). If you don't remember the doppler shift
formula, it is given next. If you do remember it, finish your work before revealing

the next step:
o1t _ _ . :
fl = T v fo (upper signs approaching, lower signs receding).
Va

* - The solution is on the next page. Don't advance until you are ready!
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Passed by the Ambulance-Solution

@ This one is simple. The car (you, receiver)
is receding. The source (ambulance) is
approaching. So:
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Passed by the Ambulance-Solution

@ This one is simple. The car (you, receiver)
is receding. The source (ambulance) is
approaching. So:

@ Let x = vy/v,. Then:

1—x

hi= 12

fo= (1—2x)f = (1 —x)f
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Passed by the Ambulance-Solution

@ This one is simple. The car (you, receiver)
is receding. The source (ambulance) is
approaching. So:

@ Let x = vy/v,. Then:

1—x

hi= 12

fo= (1—2x)f = (1 —x)f

o Or:
fi — fy = 2xfi — xfy = x(2f — fo) = _v_ A—h
1 0 = £XI1 Xlp = X\411 0 X_Va_2f;|._f(-)
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Passed by the Ambulance-Solution

@ This one is simple. The car (you, receiver)
is receding. The source (ambulance) is
approaching. So:

@ Let x = vy/v,. Then:

1—-x
fim g = (1= 20f = (1= %h
o Or: o
= - = — :@: 1~
fi — fo = 2xfi — xfo = x(2f; — fo) = x T
@ And:
fL— 1 1 4
v0:211r1_;0va or in SI units, V0:210000343:%%16 m/sec

If we multiply by 9/4, we get a good estimate of miles per hour: vy = 37
mph and the ambulance is going around 75 mph.
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Collision with a Neutron Star

M

Neutron Star

m

Comet

In the figure, a neutron star with mass M = 10% kg and
radius R = 8000 m is drawn. Find: a) Escape speed from
its surface. First find it algebraically, then evaluate it
numerically as a fraction of the speed of light ¢ = 3 x 108
m/sec.

b) A comet of mass m = 10 kg falls “from infinity” to its surface. Estimate the
energy lost to heat in the collision algebraically, and then evaluate it numerically,
expressing it as a fraction of the relativistic rest energy of the comet.
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Collision with a Neutron Star

In the figure, a neutron star with mass M = 10% kg and
n radius R = 8000 m is drawn. Find: a) Escape speed from
O @ its surface. First find it algebraically, then evaluate it
Neutton Star Comet numerically as a fraction of the speed of light ¢ = 3 x 108
m/sec.
b) A comet of mass m = 10™ kg falls “from infinity” to its surface. Estimate the
energy lost to heat in the collision algebraically, and then evaluate it numerically,
expressing it as a fraction of the relativistic rest energy of the comet.

M

First, use energy conservation to relate total energy at the surface of the comet to
total energy at infinity.
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Collision with a Neutron Star

M

m
(©)

Neutron Star Comet

In the figure, a neutron star with mass M = 10% kg and
radius R = 8000 m is drawn. Find: a) Escape speed from
its surface. First find it algebraically, then evaluate it
numerically as a fraction of the speed of light ¢ = 3 x 108
m/sec.

b) A comet of mass m = 10™ kg falls “from infinity” to its surface. Estimate the
energy lost to heat in the collision algebraically, and then evaluate it numerically,
expressing it as a fraction of the relativistic rest energy of the comet.

First, use energy conservation to relate total energy at the surface of the comet to
total energy at infinity. Remember, E,, = 0 and then solve for v,.
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Collision with a Neutron Star

In the figure, a neutron star with mass M = 10% kg and

N ™ radius R = 8000 m is drawn. Find: a) Escape speed from
0 @ its surface. First find it algebraically, then evaluate it
Neutton Star Comet numerically as a fraction of the speed of light ¢ = 3 x 108

m/sec.

b) A comet of mass m = 10™ kg falls “from infinity” to its surface. Estimate the
energy lost to heat in the collision algebraically, and then evaluate it numerically,
expressing it as a fraction of the relativistic rest energy of the comet.

First, use energy conservation to relate total energy at the surface of the comet to
total energy at infinity. Remember, E,, = 0 and then solve for v,. Falling in,
remember it starts with E., = 0 so the total energy at the surface will tell you the
kinetic energy at the time of impact.
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Collision with a Neutron Star

In the figure, a neutron star with mass M = 10% kg and

N ™ radius R = 8000 m is drawn. Find: a) Escape speed from
0 @ its surface. First find it algebraically, then evaluate it
Neutton Star Comet numerically as a fraction of the speed of light ¢ = 3 x 108

m/sec.

b) A comet of mass m = 10™ kg falls “from infinity” to its surface. Estimate the
energy lost to heat in the collision algebraically, and then evaluate it numerically,
expressing it as a fraction of the relativistic rest energy of the comet.

First, use energy conservation to relate total energy at the surface of the comet to
total energy at infinity. Remember, E,, = 0 and then solve for v,. Falling in,
remember it starts with E., = 0 so the total energy at the surface will tell you the
kinetic energy at the time of impact. It's bb with BB fully inelastic so all of this
KE goes to heat!

* - The solution is on the next page. Don't advance until you are ready!
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Collision with a Neutron Star-Solution
M GMm 1 2GM
GL O E=0=-—pmdami = e =0

Neutron Star
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Collision with a Neutron Star-Solution
. GMm 1, _ [26m
e E=0=— ? +2mve: Ve = "

J\\\ GMm GMm

[*] E_OR+K:>K_AEheat_R

’ \

Neutron Star
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Collision with a Neutron Star-Solution
M . GMm 1 _ [26m
&/{L CES0=mTm e e =\
R

° E—OGAgm+K:>K—AEhQat—GA;m

Neutron Star

o ve 1 [26M 1 [2x667x10 1 x 109
Numerically: = =2V R = 3x10° 8000
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Collision with a Neutron Star-Solution
M . GMm 1 _ [26m
&/{L o E=0= & +2mve: Ve=\/—p"
R
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Neutron Star

o ve 1 [26M 1 [2x667x10 1 x 109
Numerically: = =2V R = 3x10° 8000

Ve = 0.43c = 1.3 x 108 m/sec‘

AEpear  GM  6.67 x 107 x 10%°

And _ oM
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| Encar = .093mc® = 8.34 x 10%° | joules.
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Collision with a Neutron Star-Solution
. GMm 1, _ [26m
e E=0=— ? +2mve: Ve = "

° E_OGI\/gm+K:>K—AEhcat_GAgm

Neutron Star

) ve 1 [2GM 1 2 x 6.67 x 10—11 x 1030
Numerically: — = — R = 3x10° 8000

Ve = 0.43c = 1.3 x 108 m/sec‘

AEpear  GM  6.67 x 107 x 10%°

And _ oM
"¢ The T R 8000 x 9 x 1016

| Encar = .093mc® = 8.34 x 10%° | joules.

This classical, non-relativistic solution isn't quite right! Because v, is so close to
the speed of light, to do it correctly we'd have to use relativistic expressions for
things like the total energy and kinetic energy. But it does give us a realistic
appreciation for the strangeness of things like neutron stars!

Robert G. Brown Introductory Physics 141/151/161



Feedback Welcome

Send Comments To: rgb at duke dot edu

Robert G. Brown Introductory Physics 141/151/161



	Kinematics
	Two Bumper Cars
	Two Bumper Cars-Solution
	2D Basketball Trajectory
	2D Basketball Trajectory-Solution

	Newton's Laws and Force
	Firing a Speargun
	Firing a Speargun-Solution

	Work and Energy
	Loop the Loop
	Loop the Loop-Solution

	Center of Mass, Momentum, Collisions
	Spring-Driven Collision
	Spring-Driven Collision-Solution

	1D Rotation
	Rolling with Slipping
	Rolling with Slipping-Solution

	Vector Torque, Angular Momentum, and Rotational Collisions
	A Bullet Grazes a Sphere
	A Bullet Grazes a Sphere-Solution

	Static Equilibrium
	Carrying A Box Up the Stairs
	Carrying A Box Up the Stairs-Solution

	Fluids
	Draining into a Lake
	Draining into a Lake-Solution

	Oscillations
	Oscillations: A Rolling Pendulum
	Oscillations: A Rolling Pendulum-Solution

	Waves on a String
	Construct a Travelling Wave
	Construct a Travelling Wave-Solution

	Sound
	Passed by the Ambulance
	Passed by the Ambulance-Solution

	Gravitation
	Collision with a Neutron Star
	Collision with a Neutron Star-Solution

	End

