Midterm 1 . }
PHY 760 - Fall 2013
October 7, 2013

This closed book exam consists of four Short Answer questions (10 pﬁs.) and three Problems
(20 pis.}. Please sign the following pledge BEFORE you begin the exam:

I certify that I have abided by the rules and the spirit of the Duke Community Standard.

Sign.: ‘(Q i
Short Answer 1: [10 pts.]
Evaluate the integral
% cosat
k AV
o t \ 2 _ vat
g dt €954 - i\ At e
i " “1 A - ‘
© (+e - 5o Q‘_f‘”l W40 * o
L S




Short Answer 2: [10 pts.]
Find the solution to the 2-D Laplace’s equation,
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in the region —oo < z < oo, y > 0 subject to the boundary conditions
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Short Answer 3: [10 pts.]
Find the general solution to the following equations:
0
a) .?:(—azu(:c, y) + 33{%'&(3:, yt =0

with the boundary condition u(x, 1) = cos{x).

b) Rf%ﬂ + CQt) = Voe 7

with the initial condition Q(f) = 0.
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Short Answer 4: [10 pts.]

Find the Green’s function satisfying

o2

( & +w2) Gz, z) =6(x - z)

subject to the boundary conditions G(0,2) = G(L,z) = 0.
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Problem 1: 120 pts.]
Suppose one is solving a differential equation of the form
y'(x) + p(z)y'(2) + gz)y(x) = 0

a) Given a solution y;(x) construct a second solution ya(x}. You result should be expressed
as an integral over y(z).

b) Show that the Wronskian, W = y; (x)y){2) — (x)yi(x) is equal to

W =Cexp (~ /::: dup(u)) .

where € is an arbitrary constant.
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Problem 2: [20 pts

Consider the following differential equation: - : [
(1 —2)y" (@) — 2z (z) + 11+ L)y(z) = 0.

Assume ! is a real number. l

a) Find all singular points of the differential equation and determine whether they are regular
or irregular singularities.

h) Write down the indicial equation for a series solution and give the roots of the indicial
equation.

¢) Find the recurrence relation for the coefficients of the series solution for both roots of
the indicial equation. Does the Frobenius method yield two independent solutions for this
differential equation?
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Problem 3: {20 pts.|

Find the inverse Laplace transform of the function
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Useful Equations

Laplace Transform

L1 = [ dee 10 = o
Lle] = ¢fs
L[] = Tla+ 1]/s™+!
Lle*] = 1/{(s —a)
Llte™] = Tlb+1]/(s — a)**!
L6t —tg)] = e *
Lot —t)] = e™™/s
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Inverse Laplace Transform

l[f ]_j(t - z/:j: dSeng—-(S)

HEigenfunction methods

For L{x) a linear differential operator on the interval ¢ < & < b:
L) = Autpn(z)
[ @b ) = bun
Z ¢ul(T)(2) = 0(z — 2)

_— zn: qi)n "'EAnn(Z)

Green’s Function
LG(xz,2) = 6(z — 2)
Lop(z) = flx)
b
W@) = [ d:G(a,2)()
For 2nd order linear ODE:

v n@w(2)/Wn,m) a<ae <z
Cla2) = { y;(ﬂ«")y?(Z)/W(yi,yz) z<z<b
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