
Midterm 1
PHY 760 - Fall 2013

October 7, 2013

This closed book exam consists of four Short Answer questions (10 pts.) and three Problems
(20 pts.). Please sign the following pledge BEFORE you begin the exam:

I certify that I have abided by the rules and the spirit of the Duke Community Standard.

Sign:

Short Answer 1: [10 pts.]

a) Give the conditions a matrix U must satisfy in order to be unitary and state what this
implies for its eigenvalues.

b) Give the condition a matrix M must satisfy in order to be invertible and state what
this implies for its eigenvalues.

c) Explain why an n × n real antisymmetric matrix with n odd must have a vanishing
determinant.



Short Answer 2: [10 pts.]

For the function

f(t) =

{
1 |t| ≤ 1
0 |t| > 1

compute its Fourier transform and use the result to evaluate the integral

∫ ∞
−∞

dω
sin2 ω

ω2
.



Short Answer 3: [10 pts.]

For what values of a and b (where a and b are real) will the following infinite se-
ries/products converge?

i)
∞∑
n=1

(
1 +

a

n

)n2

ii)
∞∏
n=1

1 + a/n

1 + b/n



Short Answer 4: [10 pts.]

Derive the convolution theorem for the Laplace transform:

L−1[f̄(s)ḡ(s)] =
∫ t

0
duf(u)g(t− u) ,

where L−1[...] denotes the inverse Laplace transform.



Problem 1: [20 pts.]

For the matrix M given by

M =

(
0 a
b 0

)

with a and b complex numbers.

a) Give a closed form expression for cos(M).

b) State the conditions on a and b for M to have an orthonormal basis of eigenvectors.

c) Impose the condition found in part b) and verify that M can be written as

M =
2∑
i=1

λi|vi〉〈vi| ,

where λi and |vi〉 are the eigenvalues and normalized eigenvectors of M , respectively.



Problem 2: [20 pts.]

Starting with the product formula for the Gamma function:

Γ[z] =
e−γz

z

∞∏
n=1

(
1 +

z

n

)−1

ez/n

prove the properties

i) Γ[1] = 1

ii) z Γ[z] = Γ[z + 1] .

For i) it may be helpful to use the identity
∑N
n=1

1
n

= logN + γ + O(1/N). Here γ is the
Euler-Mascheroni constant.



Problem 3: [20 pts.]

a) Solve the 1-D diffusion equation for the density of diffusing particles, ρ(x, t), given by(
∂

∂t
−D ∂2

∂x2

)
ρ(x, t) = 0 ,

by performing a Laplace transform with respect to t and a Fourier transform with respect
to x, then performing the required inverse transforms. Express your solution as an integral
over an arbitrary initial condition, ρ(x, 0).

b) Find ρ(x, t) for the initial condition

ρ(x, 0) = N

√
1

2πσ2
exp

(
− x2

2σ2

)
.

c) Show that the total number of particles

N =
∫ ∞
−∞

dxρ(x, t) ,

is conserved: dN/dt = 0.



Useful Equations

Gaussian Integral ∫ ∞
−∞

dx e−ax
2+bx =

√
π

a
eb

2/(4a)

Gamma Functions

Γ(x) =
∫ ∞
0

dt tx−1 e−t

Γ(x+ 1) = xΓ(x)

Γ(x)Γ(1− x) =
π

sin(πx)

Γ(2x) =
22x−1

√
π

Γ(x)Γ(x+ 1/2)

Fourier Transform, Parseval’s Theorem, Convolution Theorm

f(t) =
∫ ∞
−∞

dω√
2π
e−iωtf̃(ω)

f̃(ω) =
∫ ∞
−∞

dt√
2π
eiωtf(t)∫ ∞

−∞
dω|f̃(ω)|2 =

∫ ∞
−∞

dt|f(t)|2

f ∗ g (t) =
∫ ∞
−∞

dsf(t− s)g(s)∫ ∞
−∞

dω√
2π
e−iωtf ∗ g(t) =

√
2πf̃(ω)g̃(ω)

Laplace Transform

L[f(t)] =
∫ ∞
0

dte−stf(t) ≡ f̄(s)

L[c] = c/s

L[ta] = Γ[a+ 1]/sa+1

L[eat] = 1/(s− a)

L[tbeat] = Γ[b+ 1]/(s− a)b+1

L[δ(t− t0)] = e−st0

L[θ(t− t0)] = e−st0/s

L
[
∂nf(t)

∂tn

]
= snf̄(s)− sn−1f(0)− sn−2∂f(0)

∂t
− ...− ∂n−1f(0)

∂tn−1


