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Abstract

In this thesis we will investigate the behavior of two-dimensionalgranular systems

usingnovel contact forcemeasurements. Oneof the most unusualaspectsof granular

systemsis the inhomogeneousdistribution of boundary forces in the bulk sample.

Investigating this behavior requires us to study the behavior of the system under

di�erent loading conditions like isotropic compression,and shear. Most experimental

studiesof granular systemshave relied upon measurements at the boundariesof the

system. Though useful, thesemeasurements do not provide information about the

micro-mechanics of the system. Information about the grain-scalebehavior of the

systemis important to distinguish betweenvarious models of force distributions in

granular systems.

In light of this, we have developed a novel experimental method that allows us to

measurethe normal and the tangential contact forces,for each grain, at every contact.

Our approach utilizes the property of birefringenceexhibited by somematerials, and

allowsusto visualizethe stresseswithin each grain. Weusethe stressinformation and

solve the inverseproblem of obtaining the contact forcesthat producea given stress

pattern. We usethesecontact forcemeasurements to study isotropically compressed,

and shearedstates.

We �nd signi�cant di�erencesin the distributions of normal forcesfor shearedand

isotropically compressedsystems. For shearedsystems,the distribution of normal

forces has an exponential tail, whereasfor isotropically compressedsystems, the

distribution falls faster than an exponential. We also�nd that shearedsystemsshow

anisotropic force-chain structure with long forcechains roughly alongprincipal strain

directions. We quantify this anisotropy by compution two-dimensionalforce-force

correlations, and �nd long-range,almost power-law like correlation in the direction
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of force chains. Isotropically compressedsystemshave only short-rangecorrelations

in all directions. The spatial correlation of forcesserves as a quantitativ e measure

for the qualitativ e idea of force-chains. Next we focusour attention on each of these

systems,and study them individually.

For isotropically compressedsystems,we study the problem of jamming. We

�nd the exact point wherethe systemjams. Theoretical studieshave indicated that

a loosegranular systemunder compressionjams at a critical packing fraction, and

that the averagenumber of contacts per grain grows in a power-law fashion, with

an exponent of 0.5. We indeed �nd a transition point in the packing fraction, and

a power-law growth of averagecontact number. We �nd that the exponent of the

power-law can range from 0.5-0.56,depending on the choice of the critical packing

fraction. The pressurein the system increaseswith the distance from the critical

packing fraction, as a power-law, with an exponent of 1.1.

In the next set of experiments, we focus on the evolution of shearedsystems,

speci�cally from the point of view of plastic deformation. Westudy the grain motions,

and the stress-strainbehavior of the systemunder one cycle of forward and reverse

shear. From the contact forcemeasurements, we �nd that the stress-straincurve for

the systemis clearly hysteretic - signifying energy loss in the system. It has linear

elastic segments interrupted by drops in stress of varied magnitudes. The stress

drops signify plastic events. The grain motions also reveals interesting features.

There are three distinct regions in which the grains move di�erently; two corners

where the grains show homogeneouselastic displacement separatedby a diagonal

band consistingof vortices. This pattern is completelydestroyed upon reversingthe

direction of shear. The initial pattern of the displacements of grains in the reverse-

shearphaseis more quadrupolar in appearance.
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Chapter 1

In tro duction

This thesisdealswith granular systems,and my attempts at understandingthe many

fascinating properties of systemsas simple as sand. I will take the experimental

approach towards this goal, but with an eye on, and making useof the theoretical

developments of the last century. The questionsI will addresswill be simple. How

and why do granular systemsbehave di�erently in many respects than other solid

or 
uid systems? Before I can answer thesequestions,I must begin by describing

what are granular systems,and why study them in the �rst place. I will brie
y

describe someunique featuresof granular systems.I will then describe my attempts

at studying granular systems.

1.1 Gran ular systems: de�nition and description

and relev ance

We are all aware of granular systems.Thesegrainy materials are soubiquitous that

often we do not pay any attention to the fact that we handle such materials on a

daily basis. Sandon the beach, sugar,salt, cereal,the list cango on and on. Sowhat

are granular systems?Simply put they are systemscomposedof a large collection of

macroscopic grains, interacting with each other, and the 
uid surrounding them. If

the grains do not interact with the surrounding 
uid, then the systemis termed dry

granular material, as opposedto a wet granular material, for example,the wet sand

on the beach. In this thesiswe will deal exclusively with dry granular systems.
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Let us make our de�nitions morepreciseand describe a few propertiesof granular

systems:

� Grain sizescanrangefrom a fewhundredmicronsto several metersand beyond.

� Grains interact via repulsive contact forces.

� The contact interactions are frictional and highly dissipative due to kinetic

friction.

� Thermal energyis negligiblecomparedto the kinetic and the potential energy

of the grains; granular systemsare athermal.

We will take up each of these items in turn. Grains in a granular systemscan

span a very large range of size scales;from a few hundred microns (powders) to

several meters (boulders). The scalescan even be larger, as in the caseof rings of

saturn, which arecomposedof very largerocks. In dry granular systems,there areno

attractiv e interactionsbetweenthe grains,which in turn meansthat unlike an elastic

solid, an aggregateof grains do not support tensionor stretching. This property has

important consequencesfor the stabilit y of the system.

Friction plays an enormouslyimportant role in inter-grain interaction. As we will

seeshortly, static friction between the grains results in history dependence,i.e the

state of the systemat any given time dependson its entire history. Sliding friction

dissipatesmost of the energyin a very short time, causingterrestrial granular systems

to remainstationary unlessa largeamount of energyis continuouslyput in the system.

Thermal 
uctuations have no e�ect on the dynamicsof the system. Consideran

averagegrain of size � 1mm, and mass� 1mg. Its potential energy di�erence in

moving by a height equal to its diameter is given by � Ep = mgd � 10� 8 Joules.

In contrast, the thermal energy scaleat room temperature of 300degK is ET =

2



kT � 10� 21, where k is the Boltzmann constant. Thus, � EP >> ET , which in

e�ect meansthat the grains do not respond to thermal 
uctuations. Unlike 
uids or

gases,granular systemsdo not reach equilibrium through grain-motion generatedvia

thermal 
uctuations.

The frictional dissipation of energy, and the athermal nature of granular sys-

tems results in the rather unique consequencethat granular systemscan remain in a

metastablestate inde�nitely , unlessextra energyis suppliedexternally. For example,

unlike 
uids, sand poured from a container makes a heap instead of spreadingout

like a liquid.

All of thesepropertiesmentioned above may soundasif they aremainly scienti�c

curiosities, but these properties have enormousconsequencesfor many industrial

processes,and environmental events. For example,many industries store granular

materials in silos, which tend to break inexplicably as shown in Figure 1.1d, mostly

during dischargeof the material from the silo [Eib84]. This problem hasbeenstudied

for decades,but as yet haseludedcompletesolution. It hasbeenreported that 40%

of the chemical processingindustry dealswith granular materials [EGD94]. Other

issuesrelevant for industries include better methods of mixing granular systems,and

avoiding segregationof grainsof di�erent sizes.Theseisuueshaveenormouseconomic

implications, and evena minor improvement would meanbillions of dollars in savings.

Besidesthe industrial applications, there is a plethora of naturally occurring phe-

nomenainvolving granular materials, from beautiful examplessand dunes (Figure

1.1b), to catastrophic events like avalanches Figure 1.1c. These phenomenaare

equally fascinating and challenging to understand. A whole range of scienti�c dis-

ciplines like physics, geophysics, mechanical engineering,chemical engineering,and

materials sciences,are involved in studying thesephenomena.

Having seensomeexamplesof granular systemsin this section,we now turn to a

3



Figure 1.1: Imagesof granular systems:(a) Sandcastle. (b) Sanddunes. (c) Snow
avalanches. (d) Collapseof a silo. (e) vertically oscillating granular system.
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more technical description relevant for our studies. Although someof the examples

discussedearlier are casesof dynamic granular systems,in this thesis we will deal

exclusively with static or quasi-static systems.In the next sectionwe describe some

unique featuresof granular systemsrelevant to such static and quasistatic systems.

1.2 Unique features of gran ular systems

Granular systemscan behave like solids, liquids, or gases[JNB96b]. Considersand

in a container. When it is just sitting undisturbed, it behaveslike a solid, whereasif

it is poured out of the container, it 
o ws and behaveslike a liquid. A dust storm, on

the other hand, is an exampleof a granular systembehaving like a gas. We will focus

hereon understandingsomeproperties related to static, and slowly moving systems.

1.2.1 Con tact forces, friction, and indeterminacy of the

forces

The all-important property for granular systems,from our point of view, is the nature

of contact forcesbetween grains of the system. As mentioned earlier, the contact

forcesare repulsive, frictional , and dissipative. We will considerpeculiar e�ects of

each of theseproperties.

Grains in any realistic dry granular systemresist being compressedagainst each

other. They areusually hard grainsbut not in�nitely rigid. This resistancemanifests

itself as a repulsive force betweenparticles, much like pushing on a spring. At the

sametime, for dry granular systems,thereareno attractiv e forcesbetweenthe grains.

One consequenceof this is the lack of abilit y to support tension in the system; a

granular system cannot be stretched like a spring or a rubber band. This causes

granular systemsin somemetastablestatesto be extremely fragile to perturbations.

The other component of the contact forcebetweenany two grains is the frictional

5
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Figure 1.2: Schematic diagram of the normal and frictional forceson a solid.

force. Frictional forcesare of central importance to our understandingof the varied

phenomenaexhibited by granular systems. Before describing its role in granular

systemsin detail, let us review the well-known laws of solid friction, �rst given by

Amontons in the seventeenth century [Amo99],and a little later by Coulomb [Cou76].

Figure 1.2showsa solid body restingon a solid plane,in two di�erent orientations.

The forcesacting on the body are also shown in the diagram. There is the normal

forceacting on the body. The Amontons-Coulomb law statesthat the forcerequired

to move the body horizontally must exceedits normal forcemultiplied by the friction

coe�cien t, which is a constant of the material. As long as the applied force is less

than this value the body remainsat rest. Hencefor a body in static equilibrium:

j FT j� �F N (1.1)

Once the applied force exceedsthis critical value, the body beginsto slide. The

force required to move the body is the samein both con�gurations in Figure 1.2.

The force of friction does not depend on the area of contact. A noteworthy point

hereis that the law of friction is in the form of an inequality, which permits a whole

continuum of valuesallowed for the forceof friction.

The dissipative aspect of contact forces come into play, once the grains start

sliding against each other. When two solid bodies slide past each other, kinetic

6



friction causesa lossof energy. The kinetic force of friction is the force neededto

keep the body moving at a constant speed. It is typically lower than the force of

static friction. In the absenceof a constant driving force, the body quickly comesto

rest, losing all of its energyto heat.

f N

mg

? ?

?
?

mg

(a)

(b) (c)

Figure 1.3: Schematic diagram of the indeterminacy of contact forcescausedby
friction.

We now cometo probably the most important issuerelated to the work presented

in this thesis,which stemsfrom the inequality in the law for frictional forces.Figure

1.3 shows schematic diagram of what is known as the indeterminacy of forces. It

shows a block placed between two perpendicular plates with friction. Let the �nal

resting placeof the block be at the intersection of the two plates, as in Figure 1.3a.

The crucial point is that it is not possibleto determine the forceson the block just

by looking at the �nal rest position of the block. If the block cameto this position

by sliding along left plate, the forceof friction would be along the left plate, whereas

if it slid along the right plate, the force of friction would be directed along the right

plate as shown in Figure 1.3b. The forces on the block are indeterminate unlessone

knowsthe history of its dynamics.

7



For frictional solids in contact, it is essential to know how the solids came in

contact with each other. This is equally true of grains in a granular system,asshown

in Figure 1.3c. The all important issuefor us is that the contact forcesbetweenthe

grainscan not be determinedfrom a singlesnapshotof the system,even if onecould

seeall the grains,and knewexactly how they wereplacedrelative to each other. This

is due to indeterminacy of the forces;one would needto know the entire history of

the assembly.

Figure 1.4: An imageof a disk with three forces,red arrows show the vector forces.

The secondaspect of the sameindeterminacy is the mathematical solvabilit y of

a mechanically stable con�guration. Considera disk with three forcesacting on it,

as shown in Figure 1.4. The three vector forces are shown by red arrows. Each

force has two components, normal and tangential. In all, for this disk we have six

unknown variables. On the other hand, if the disk is in mechanical equilibrium, we

have forcebalanceand torque balance.The forcebalancegivestwo relations, onefor

each component of the net force. The torque balancegives one condition between

all the forcecomponents. This leavesus with three constraints on the six unknowns,

an under-determined systemof equations. Thus, unlessextra information regarding

the forcesis supplied for this system,it can not be solved, even if we know the exact

8



contact locations. The situation just gets a lot more complicated when we have

an aggregateof grains. In order to know all the contact forces for a stable static

ensemble, information besidespositional data is crucial.

It is the very �rst goal of the work presented in this thesis to �nd a method

for extracting all the contact forces,both the normal and the frictional forces,for a

singlegrain irrespective of the number of contacts it has,and then extend it to all the

particles in the systemand �nd all the forcesfrom a singlesnapshotof the system.

1.2.2 Distribution of forces

The most striking consequenceof the properties described in the previous section

occursin the way external forcesare distributed throughout a granular medium. Fi-

nite sizeof the grains, and their frictional properties contribute to a highly unusual

responseof granular systemsto external loads. Under moderate amounts of com-

pressionor shear,a granular systemexhibits a very fragile balancingact betweenthe

grains, where a group of grains are supporting other groups of grains by forming a

delicate contact network. This property has a dramatic e�ect on the way external

forcesare distributed within the system.

One of the most fundamental featuresof granular systemsis the inhomogeneous

distribution of interparticle forces.The most striking evidenceof this heterogeneous

distribution is in two-dimensionalphotoelasticsystems,wherethe e�ect of interparti-

cle forcescan be visualizedby using birefringent particles. At the systemsizescales,

this inhomogeneity of distribution appearsasa �lamentary structure of particles car-

rying more than the averageload applied to the system. Thesegroups of particles

have beendubbed \ force chains" [Dan57, HBV99].

Figure 1.5 shows an image of a two-dimensionalgranular systemof birefringent

disks. The stresseddisks have colored bands, whereasunstresseddisks have the
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Figure 1.5: A snapshot of force-chains in a two-dimensionalgranular system of
photoelastic disks

background intensity. The heterogeneousdistribution of boundary stresses,and the

network of force-chains is clearly visible.

One of our goals in this thesis is to understand this heterogeneity in the dis-

tribution of forces,or the force-chain structure, in granular systemsunder di�erent

boundary loads. The exampleshown here of a two dimensionalgranular system is

ideally suited for studying the problems associated with the distribution of forces,

especially since these forces can be readily visualized using the property of bire-

fringence exhibited by somematerials. The technique of utilizing birefringenceto

visualizestressesin a material is known as photoelasticity [CL31, Fro41].

In this thesis,we will utilize photoelasticity to exclusively study two-dimensional

granular systems.The kind of questionswe want the answersto, canmost e�ectively

be studied with two-dimensionalsystemsusing birefringent particles. The next sec-
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tion describesthe history of the photoelasticity method brie
y , and prior reseach on

the problem of force distributions in granular systems.

1.3 Photo elastic metho d and force distributions

Photoelasticity as a technique to study stressand strain distributions in solids has

a century-old history. It was �rst developed and utilized in France by Mesnagerin

1901[Har40]. It has sincebeenextensively used by the engineeringcommunity to

determinestressdistributions in usually two-dimensional[DR65, Hey52],and recently

in three dimensions[ADG92, AD94]. Its use in studying particle aggregatesdates

back to 1950s,whencivil and mechanical engineersneededto �nd stressdistributions

in granular aggregates[Dan57, DdJdJ72a]. Over the yearsthe useof this technique

hasbecomemuch more sophisticatedand its usein studying granular aggregateshas

grown [DSR00].

Over last ten years, Bob Behringer's laboratory has utilized photoelastic tech-

niquesto study a variety of important problemsin granular physics[HB99, GHL+ 01,

HB03] and in the processpioneereda resurgenceof interest in its useto study prob-

lems in granular physics.

The presenceof forcechainsgivesrise to a number of unusualpropertiesexhibited

by granular systemsin static or even dynamic situations [JNB96a]. In static situa-

tions, oneof the problemswhich has beenstudied for a long time is the responseof

the granular systemto localizedloads[dG98, VHC+ 99], or �nding the \Green's func-

tion" of the system. Many theoretical models [BCC95, CLM + 96, LNS+ 95, WCC97,

CWBC98, CBCW98, Soc98, GG02] have addressedthe issueof the stressdistribu-

tion in sandpilesor other geometries. In sandpilesassembled one grain at a time

[vN81, VHC+ 99, GHL+ 01, GLBH01, Sav97], the pressureat the baseis not neces-

sarily maximum right under the apex of the pile, as one would intuitiv ely expect.
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Instead, the pressuremaximum may occur somewhataway from the apex. One ex-

planation for this e�ect is the formation of force-chains,which arch away someof the

load sideways and shield the region right below the apex [WCC97].

Similarly in granular silos, the pressuredoesnot increaseinde�nitely with depth,

as it would if it were �lled with a 
uid [Jan95,VC99, VCB+ 00, Eib84]. The expla-

nation again is the presenceof force-chains, which transfer someof the load to the

walls of the silo, thus keepingthe pressureconstant beyond a certain depth. Of more

importance is the failure of silos, the causeof which may be very short-lived, strong

force-chains hitting the walls. The forcesalong the walls of the silos 
uctuate by a

large amount.

During the courseof many experimental and theoretical investigationsconcerning

the nature of stressdistributions in granular systems,a strong casehasemergedfor a

needto understandthe distribution of contact forces,and equally importantly, their


uctuations and spatio-temporal properties like correlations between force chains

[MOB96, MJN98, HB99, VHB99, Nic98, RWJM98].

One of the most enduring features found in many experimental and theoreti-

cal studies is the exponential tail in the probability distribution of forces[MJN98,

CLM+ 96, HB99, RJMR96a]. This is found to be true for systemsthat are static as

well as those that are quasi-static. Recently new theoretical results have appeared

pertaining force distributions in lattice models [TSS+ 05, SvHSvS03], and in force

ensemble models [SVvHvS04, SVE+ 04], which suggestthat the probability of force

distributions may be di�erent under di�erent situations. Speci�cally, both the lattice

model, and the force ensemble model obtain faster than exponential decay for large

forcesin isotropically compressedsystems.For shearedsystems,both models regain

the exponential tail at high forces[TSS+ 05, SvHSvS03]. Moreover, in the force en-

semble model, the probability distributions of forcesdi�er in the bulk systemfrom
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the boundary layers due to contact geometrye�ects [SEVvH06].

The predictions made by these models have further strengthenedthe growing

body of evidencethat granular systemsbehave di�erently under di�erent boundary

loads. If the systemis compressedfrom all sides,the contact geometry, and the force

distributions aredi�erent, than if they areshearedin any way. All of theseissueshave

inter-grain contact forcesasthe fundamental property under investigation. Moreover,

most of the numericaland theoretical studieshavedealt with the idealizedfrictionless

particles. As we have discussedearlier, friction is an important piecein the complete

description of real granular systems,and it is of considerableinterest to seeunder

what conditions simulations with frictionless grains can adequatelyexplain features

observed in a real granular system.

1.3.1 Jamming

Sandin an undisturbed container remainsstationary. Although the constituent ma-

terial of sand is macro-sizedsolid grains, we do not say that sand is a solid. Instead

the descriptive that has beenusedthe most to describe any granular systemat rest

is jammed. The main reasonfor this is the observed fact that sometimesthe system

does not remain in that state when disturbed by the slightest amount. Sand after

all can be poured out of the container just like a liquid. In this casewe say that

the systemis 
o wing or unjammed. To be sure, thesebehaviors are very similar to

ordinary solids and liquids, but there are signi�cant di�erences betweensolids, liq-

uids and granular systemsin the way a granular systemmakes the transition from

jammed to unjammed state and vice versa.

Consider a granular system in a container with a small hole through which the

material canescapee. All of us have experiencedthe annoyanceof trying to pour out

a grainy material from a container, only to �nd that suddenlyit getsstuck, and stops
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o wing. This is very typical of granular systemsbut it never happensfor an ordinary

liquid. As long as the opening is of macroscopicsize,a liquid will always oozeout.

We can say that both the sand and a liquid are 
o wing, sand can repeatedly get

stuck. This is the phenomenonof jamming in the simplest terms.

Many questionsarise from these simple observations. For example, when does

the systemstart 
o wing?. How does it 
o w ? Why does it stop 
o wing of its own

accord?What material or other parametersdo all thesebehaviors dependon? These

questionsand more have beenstudied for a long time by researchers in industries,

and engineeringand somewhatmore recently by physicists.

Figure 1.6: Phasediagram of jamming in granular and other systems.

An intriguing idea was put forward by Liu and Nagel [LN98] regarding the tran-

sition from jammed to unjammed state, which is captured by a speculative phase

diagram shown in Figure 1.6. According to this idea, many systems,with attractiv e

or repulsive interactions, can be tied together in terms of their jamming transitions.

A liquid systemwith attractiv e interactionsbecomesjammedwhenits is supercooled

below a critical temperature. Likewisefor granular systems,the role of ordinary tem-

perature may be replacedby shearstress. A granular systemwould jam only when

its density was su�cien tly high and the shearstressbelow a critical value. Above a
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certain shearstressor below a critical density, the systemmay becomeunjammed.

Again, the transition from jamming to unjamming in a granular system in the

phasespaceof density and shearstressdependson the behavior of the systemun-

der shear. Also the nature of this transition is truly critical or not is not a priori

clear. Theseissueshave to be resolved by experiments which can measurethe phase

spaceparameterslike the density and the shear stressaccurately. Although these

parameterscan be measuredin both two and three dimensions,in three dimensions,

measurements are made typically at the boundaries of the container. The shear

stressesat the boundariesgets distributed in a highly anisotropic manner. This af-

fects the strength of the system along di�erent directions, and hencethe stressat

which the systemunjams. In other words it may be easierfor the systemto unjam

in certain directions but not in other directions.

A possibleway to study theseissueswould be to measureand characterizemeso-

scaleforce-chains in di�erent directions, under di�erent boundary conditions. This

brings us back to the need for measuring grain-scalecontact forces, their spatial

distribution in the form of force-chains, and correlationsbetweentheseforce chains

in di�erent directions.

In the end, it may turn out that for large enoughsystems,and at large enough

length scales,the grain-scaledetail of contacts and forcesmay not matter, but rather

than assumingthis to be true, it would be fruitful to verify it experimentally. One

last idea beforewe end this introduction is the description of contact forcesbetween

realistic elastic bodies,which we take up in the next section.

1.3.2 Elastic bodies in contact

The problem of contact forcesbetweenreal elastic solids was �rst studied by Hertz

[HJS96] within the framework of the elasticity theory. He consideredtwo elastic
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Figure 1.7: Two elastic bodies in contact: Hertz's law.

spherescompressedagainst each other, as shown in Figure 1.7. If the radii of the

spheresare R, and the distanceby which they are compressedis h, then Hertz's law

givesthe force exertedby each sphereon to the other as [LL70a]:

F = kh
3
2 (1.2)

wherethe coe�cien t k =
p

2
3

E
1� � 2

p
R, and E and � are Young'smodulus, and Poisson

ratio respectively.

The force law for quasi-two dimensionalsolids, for exampledisks or cylinders, is

somewhatmore complicatedby the fact that there is a logarithmic correction term

[LL70a], and the force law becomes:

� F log(F ) / h (1.3)

These laws work with remarkable accuracy, although they involve only normal

forces.Finally wenote that our model granular material is a collectionof small elastic

cylinders with circular crosssection. Ideally, they should follow the two-dimensional

law given in equation 1.3, but in reality, becausethey are three dimensionalobjects,

and have many asperities, they tend to follow the Hertzian law for three-dimensional

solids.
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1.4 Overview

In the precedingsections,we have brie
y touched upon someaspects of granular

physicsrelevant to what follows in this thesis. It by no meansexhauststhe rangeof

interesting and challengingproblemsin granular physics,but for the sake of brevity

and our purposeshere, we have restricted our discussionof the issuesinvolved in

granular systems.One idea that we hope has beenconveyed in the precedingis the

importanceof contact forcesin general,and a needto study the behavior of granular

systemsunder di�erent boundary conditions, in particular.

It is a commonpractice in soil mechanicsto treat granular systemsusing contin-

uum equations,ignoring the 
uctuations of forcesin the system. We have provided

examplesof how force 
uctuations could play a crucial role in several phenomena.

The exact nature of macroscopicdescriptionof granular systemsstarting from grain-

scaledescriptions is still an unresolved issue. Part of the di�cult y lies in lack of

experiments with grain-scale information about the forces in bulk systems. The

other di�cult y arisesfrom theoretical point of view. Many theoretical models with

radically di�erent microscopicassumptionsand mathematical structure end up giv-

ing reasonableagreement with the observed behavior. Without the facility of having

experiments with grain-scaledata to test the microscopicassumptions,and macro-

scopicpredictions, it becomesimpossibleto distinguish between various models of

forcedistributions, stresstransmissionand the responseof a systemto perturbations.

There is a de�nite needfor developing experimental methods, which can obtain in-

formation about the grain-scalecontact forcesin bulk granular systems. With the

help of grain-scalepositional, and stressinformation, we can begin to build up our

understandingof the behavior of granular systemsfrom micro to macro scales.
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In this thesis,we plan to accomplishseveral goals:

� To study two-dimensionalgranular systemsand usebirefringent disks to visu-

alize stress.

� To solve the inverseproblem of �nding the normal and the tangential contact

forcesfor each contact from the experimental stressdata in the bulk sample.

� To preparegranular systemsunder di�erent boundary conditions like isotropic

compressionand shear and study the distribution of forces, the structure of

force-chains.

� To study isotropically compressedsystemsfrom the point of view of jamming,

and to determinethe jamming transition point for the system.

� To study the plastic deformation, energydissipation and the stress-strainre-

lashion in shearedsystems.

Chapter 2 will introduce the technique of photoelasticity and describe in detail

our method of obtaining the contact forcesfrom experimental images. In chapter

3, we apply our method of �nding contact forcesto study isotropically compressed,

uniaxially compressedand shearedgranular systemsusing a biaxial test apparatus.

In chapter 4, we focuson jamming transition in isotropically compressedsystems.In

chapter 5, we study plastic deformation in shearedsystems.
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Chapter 2

Exp erimen tal techniques

Experimental approaches to granular systemsdepend on the number of spatial di-

mensionsof the system under investigation. They also depend on the scaleof the

systemunder scrutiny, i.e the grain-scaleor the meso-scaleconsistingof clusters of

few tens of particles or the system size scale. In order to carry out the program

outlined in the introduction, we needexperimental information about the positions,

velocities and forcesat all the scalesin order to construct a consistent picture of

the behavior of the system from micro to macro scale. This meansmeasuringthe

positions, velocities and the forcesexperiencedby the grains in bulk systemas well

as macro-scalemotion of the systemand boundary forces. This is a daunting task

for a full three-dimensional(3D) granular systemconsistingof realistic grains which

are irregularly shaped and frictional.

It has beenpossibleto obtain positional information of the grains in bulk two-

dimensional (2D) systems[HB99] and at the boundary of a 3D system [CLFB+ 06,

DB05]. It is also possible to obtain stress information at the boundary of a 3D

system[EMJN02, MJN98]. Obtaining stressinformation at the grain scalein bulk

3D systemswithout disturbing the systemis an extremely challengingexperimental

problem with very few partial solutions so far [ZM05, BWS+ 05] .

In order to be able to measuregrain scaleproperties of the system,and to un-

derstand the emergent macro-scalebehavior of the system,we focus exclusively on

2D systemsin this thesis. The main reasonfor this choice is that in 2D systems,

we can not only measurepositions and velocities of the grains but also the contact

forceson each grain in the system. This allows us to completely specify the micro-
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mechanical state of the system. We can then take a bottom-up approach and try to

understandthe macro-scaleproperties like the force distributions, responsefunction

of the system, stress-strain relations and plastic deformation of the system under

shear.

Measurements of contact forcesat the grain scaleare made possibleby a novel

experimental technique, which forms the �rst step in this thesisand the crux of this

chapter. The main idea behind this technique is to utilize the property of birefrin-

genceexhibited by somematerials which allows visualization of stresswhen viewed

with polarized light. The observed stress�eld inside a grain is then usedto infer the

contact forcesthat producethe stress�eld.

In the rest of the chapter, we will begin by covering the basic conceptsof pho-

toelasticity which is the optical phenomenaexhibited by birefringent materials and

conceptsof elasticity theory, which models such materials. We will then describe

the manner in which these two ideas are combined to form what is known as an

inverseproblem, i.e computing the contact forcesfrom a given experimental stress

pattern. Finally, we will demonstrate,for the �rst time to our knowledge,successful

implementation of our automated method for solving the inverseproblem for a large

assembly of grains.

2.1 Birefringence, photo elasticit y and polariscop e

optics

Birefringenceis a property of certain crystalline and polymeric materials in which the

index of refraction within the material changesin responseto externally appliedstress

[CL31, Fro41, DR65, Hey52]. Thesematerials e�ectively rotate the polarization of

light passingthrough them. A clever utilization of this photoelasticproperty consists

of a stressedsampleis viewed through crossedpolarizers. This optical setup in which
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the sampleis placedbetweentwo polarizers,with the light sourceon onesideof the

sampleand the cameraon the other side, is known as a polariscope. Viewing the

sample in this fashion shows a striking pattern of colored bands (for a white light

source)within the sample,which is directly related to the internal stressstate of the

sample.Details about the phenomenonof birefringenceand many of the formulations

that follow can be found in referencesmentioned. Here, a brief description of the

processwill be given.

Figure 2.1: Schematic of a circular polariscope containing a sample to be ana-
lyzed betweencomplimentary circular polarizers(From Vishay Measurements Corp.
www.vishay.com).

Figure 2.1showsthe schematicsetupof a typical circular polariscope. The sample

to be analyzedis placedbetweentwo crossedcircular polarizers( a circular polarizer

is a combination of a polarizer and a quarter-wave plate). The quarter wave plates

on either sideof the sampleare alignedwith their axesmutually perpendicular. The

light from a sourcepassesthrough a circular polarizer and enters the sample. Light

traveling within a stressedsamplesplits into two components depending on polar-
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ization, each traveling with di�erent velocities. Due to the di�erences in velocities,

di�erent polarizations of light emerging from the sample come out with di�erent

phasesat di�erent points of the sample.

In brief, a stressedbirefringent samplebecomesanisotropicin its optical properties

and the index of refraction is spatially varying. Instead of being a scalar constant,

now the index of refraction has tensorial form. For a 2D sample, there are two

principal valuesof the index of refraction at every point of the sample.The variation

in the index of refraction results in phasevariations of the light emergingfrom the

sample. The spatially varying phase� is related to the principle indicesof refraction

by:

� (x; y) =
2� (n1 � n2)t

�
(2.1)

wheret is the thicknessof the material, n1 and n2 arethe principle valuesof refractive

indices,and � is the wavelength of the light.

The fundamental equation of photoelasticity relatesthe changesin the refractive

index to the stress-stateof the sample

(n1 � n2) = C(� 1 � � 2) (2.2)

where � 1 and � 2 are the principle valuesof the stresstensor of the sample,and C

is the stress-opticcoe�cien t. The above two equations, when combined, give the

relation betweenthe phaseof the light emergingfrom the sampleand the principle

stressvalues:

� =
2� C(� 1 � � 2)t

�
: (2.3)

The goal of traditional photoelastic analysisis to extract the phase� , and infer

principle stressesfrom it. This goalwould be simpleto accomplishwereit not for the
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nonlinear optical responseof the light intensity. The intensity of the light emerging

from the sampleand captured by the camerais given by:

I (x; y) = I 0 sin2(� =2) = I 0 sin2[
(� 1 � � 2)� Ct

�
] (2.4)

where I 0 is the maximum intensity emergingfrom the sample. This is a nonlinear,

periodic function. A simple inversiongivesvaluesof phaseonly in the range0 to � =2

instead of increasingmagnitude of alpha with increasingstressdi�erence.

Figure 2.2: Experimental stresspattern of a photoelastic disk with three loads.

The problem of obtaining the phase information or the stressescan be better

understood by looking at the imageof a stressedphotoelastic disk as in Figure 2.2.

The disk is under three radially compressive loads. The loads deform the disk and

produce stressesin the disk. A pattern of dark and bright bands (for monochrome

light source)is seen,which represent contours of equalprinciple stressdi�erence.
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From equation2.4, it canbeseenthat whenever the phaseof the sin function is an

integer multiple of � , the observed intensity drops to 0. This is seenasa dark band.

By the sametoken, whenever the phaseof the sin function is an odd half integer

multiple of � , the intensity function reachesa maximum and is seenasa bright band.

Thesebandsare known as\fringes" and the wholepattern of fringesis known asthe

\fringe pattern". The density of fringes is low at the edgeof the disk and increases

towards the contacts. The phase� is the smallestaround the edgesof the disk and

increasestowards the contacts. The photoelastic analysisproblem is to determine

the absolute value of the phasewith respect to the phaseof the stress-freeregion.

This is di�cult to achieve using only a singlemonochrome imagesincethe phaseat

a referencepoint is not known a priori.

Development of variousstrategiesto unwrap the phaseand obtain full-�eld phase

information is still an active area of research [Ram00]. In one such approach the

phaseat a point is assignedmanually and then phasesat other regionsof the sample

are calculated. Other more automated approaches make use of two imagesat two

di�erent wavelengths [Che97]. Phaseshifting methods involve capturing multiple

imagesat di�erent relative anglesbetween the analyzer and the polarizer. RGB

photoelasticity involvescapturing full color imagesand �nding the phasesat arbitrary

loadsusingcalibration look-up tables(LUT) [Ram00]. In this thesis,wewill makeuse

of variants of the greyscaleand the RGB photoelasticity method. Thesemethods are

moresuitablewhenan automatedphotoelasticanalysisis neededon a largecollection

of particles.

The experimental problem we addressin this thesis goesa step beyond getting

just the phase information of a stressedsample: ultimately we want to solve the

inverse problem of �nding the contact forces that produce a given stress pattern

insidea sample.This problem canbe solved by invoking an appropriate model which
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provides analytic expressionsfor the stresscomponents in an elastic material given

the boundary forces.Wethen �t the experimental data and the model in least-squares

senseand obtain contact forcesas best-�t parameters.

In order to accomplish this task, we must �rst choose a model based on the

theory of elasticity which represents the situation under investigationreasonablywell.

A further simpli�cation is introduced by selecting an appropriate model granular

system: throughout this thesis, our model granular system is a collection of thin

elastic disks of circular crosssection. The advantage of choosing thin circular disks

asopposedto more realistic shapesof naturally occurring granular media is that the

analytic expressionsfor the stressesare readily calculableusing 2D elasticity theory.

Whensuch a collectionof circular disksis compressedor sheared,they comein contact

with each other and exert contact forceson each other. From the grain-scalepoint of

view, when the systemis in static equilibrium, the situation can be viewed as if each

disk is acted on by arbitrary number of contact forcesin arbitrary directions such

that the forcesand torquesare balanced.We needto �nd a generalsolution for this

caseof a singledisk and apply it disk by disk on the entire collection. In the following

section we will brie
y review the essential theoretical conceptsof elasticity theory,

speci�cally 2D plane elasticity theory which is usedto solve the inversephotoelastic

problem.

2.2 Theory of elasticit y

An elastic body, as we generally know, is one which can changeits shape and size

under the action of applied forcesand comesback to its original shape and sizeonce

those forcesare removed. The fundamental quantit y which can be usedto quantify

this behavior is the distancebetweenany two points of the material. Mathematically

an elasticmaterial, asopposedto an ideally rigid material, is onein which the distance
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betweenany two points changesin responseto externally applied forces.The change

in an element of length in the body is known asstrain. The de�nitions of someof the

important quantities and useful formulae will be given in the following. The details

can be found in many authoritativ e treatiseson elasticity theory [LL70b, TG70]. A

brief description can be found in Appendix.

Consideran elasticbody describedwith a �xed setof axes.Let the position vector

of a point beforedeformationbe r and after the deformationbe r 0. The displacement

vector of the point denotedby u due to the deformation is given by ui = x0
i � x i ,

wherethe subscriptsi refer to the three spatial components x,y, and z.
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Figure 2.3: Stresstensor components for a two dimensionalplane x-z.

The distancebetweenthe points after the deformationdl0 is relatedto the distance

beforethe deformation dl via:

dl02 = dl2 + 2uik dxi dxk (2.5)

whereuik is known as the strain tensor and is de�ned as:

uik =
1
2

(
@ui

@xk
+

@uk

@x i
+

@ul

@x i

@ul

@xk
) (2.6)
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The strain tensor is symmetric tensor, i.e. uik = uki . The principal valuesor the

eigenvaluesof this tensor denotethe three independent strains in the three mutually

perpendicular directions. The eigenvectorsof the tensorare then the principal direc-

tions. For small deformationsonly the �rst two terms in equation 2.6 are considered

as the third term is of higher order and much smaller than the �rst two terms.

The next important quantit y in describing an elastic solid is the stresstensor.

This tensor describes the responseof the material to externally applied force. Thus

if Fi is the applied force in a given direction, then the force on any volume can be

written as an integral over the closedsurfacebounding the volume:

Z
Fi dV =

I
� ik df k (2.7)

The component � ik is the i-th component of force on unit area perpendicular

to the xk-th axis, and df k are the components of the surface element vector d~f ,

directed along the outward normal. This can be seenfrom Figure 2.3, where for

simplicity stresscomponents are shown for a 2D plane. Although the stresstensor

for a deformedelastic solid variesspatially, if the body is in equilibrium, an average

of the stresstensorover the entire solid can be calculated,and expressedby a simple

formula which involvesonly the boundary forcesand the locations of their points of

application.

�� ik =
1

2V

I
(Pi xk + Pkx i )dA (2.8)

wherePi;k are the boundary forces,x i;k are the coordinatesof points of applications

of the forces,dA is the surfaceareaelement and V is the volume of the solid.

The fundamental relationship betweenthe stressand the strain in an elasticbody

is obtainedby thermodynamicsarguments [LL70b]. The stresstensoris the derivative
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of the free energywith respect to strain at constant temperature,

� ik =
@F
@� ik

(2.9)

The relationship betweenstressesand strains is in generala complicated nonlinear

function. If the deformation is small, then for many elastic solids, the strains are

linear functions of stresses.This law is known asHook's law and is expressedfor an

isotropic solid as:

uik =
� ik � l l

9K
+

(� ik � 1
3 � ik � l l )

2�
(2.10)

where � ik is the Kronecker delta, and K and � are the bulk modulus and shear

modulus respectively.

In order to beableto usethe formalism of elasticity theory for our model granular

system,we needto introduceonemore simpli�cation and considerthe casein which

both the stressand the strain are only in one plane. This results in a considerable

simpli�cation and allows for an e�ectively 2D analysisof a 3D problem [Her82]. The

plane elasticity approximation is valid if both the the stressesand strains are small

and the z-components of the stressand the strain are zero. We next considerthe 2D

planeelasticity and its application to solve the problem of a thin disk under external

forces.

2.2.1 2D plane elasticit y: the problem of concentrated forces

on a thin disk.

The planeelasticity approximation is very usefulin the context of deformationof thin

platesdueto external forces.The caseswhich involve longitudinal deformationof the

plates without any bending form a special classof problems. The simplest casewe
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Figure 2.4: Two disks in contact with external force F acting on them.

want to consideris depictedin Figure 2.4. If the plate, which in our caseis a circular

disk, is at equilibrium, then the forcesand torqueon it arebalanced.If it is su�cien tly

thin, then the strains can be regardedas uniform over its thicknessand only the x

and y components of strains are non zero. Similarly the stresstensor also has only

x and y components. Thus, the elastic stresstensor reducesto a two dimensional

tensor with three independent components � xx ; � yy , and � xy , sincethe tensor is still

symmetric and � xy = � yx . Now that we have obtained considerablereduction in the

complexity of the problem, we needto apply the formalism to the thin disk problem

and obtain the solution of stresscomponents in terms of the external forces.

The �rst step in the solution is to obtain the solution for a point load on a half

plane, schematically shown in Figure 2.5. The detailed derivation is given in the

Appendix; herewe brie
y mention someimportant featuresof the solution (in radial

coordinateswith the axesasshown in the �gure). A point load acting on a half plane

producesradial stresses.The circular regionsinside the half plane are lines of equal

radial stress. � r r . The two other components involving the � coordinate, � r � and � � �

are zero due to the symmetry of the problem. The radial stressdecays as 1=r, and

has the following functional form:

� r r = �
2F
� t

cos(� )
r

(2.11)
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Figure 2.5: Half plane and a circular disk under compressive loads.

whereF is the applied load, t is the thicknessof the plane, � and r are the coordinates

of the point under consideration. The half plane solution forms the basisfor many

2D elasticity problemsincluding the solution for the circular disk problem.

The generalsolution for a disk actedon by arbitrary number of forcesin arbitrary

directionsis obtainedby consideringeach contact separatelyand treating that contact

as a point force on an elastic half plane. Contributions from each contact are added

up and a correction term is added to match the boundary condition [Appendix].

The correction term is required becausethe circumferenceof the disk is stressfree

except at the points of application of the forces. Adding the contributions for each

contact separatelyresults in non-zeroboundary stresseswhich needto be madezero

by adding the appropriate correction terms. A speci�c exampleof the disk problem

and the solution is given below. The generalsolution for any arbitrary situation can

be found in the Appendix.

Considerthe casewherea disk is in equilibrium under the action of two equaland

opposite forces,asshown in Figure 2.6. The left panel shows the schematic diagram
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Figure 2.6: Left: Diagram of a disk with two equaland opposite forces.Right: An
experimental exampleof the case.

of the situation. At any point in the disk, the radial stresshas two contributions of

the type in equation 2.11. Thus the total radial stressat any point is

� total
r r = � 1

r r + � 2
r r (2.12)

� 1
r r = �

2F
� t

cos(� 1)
r1

(2.13)

� 2
r r = �

2F
� t

cos(� 2)
r2

(2.14)

In Eqs. (2.12)-(2.14),each r and � is measuredfrom the point of application of the

force as shown in Figure 2.6. Also, each of the radial stresscontribution is directed

towards the respective loading points. At the boundary of the disk � 2 = 90� � � 1.

Adding both contributions for the boundary of the disk results in an overall radially

compressive load of magnitude � n = � 2F=� td, whered is the diameter of the disk.

The correct stressdistribution is obtained by adding a uniform tensionof magnitude

� n = 2F=� td to the solution � total
r r . The deformation of the disk can be obtained

easily from the stresscomponents, since for two dimensional, linear, and isotropic

elastic solids, the stressesand strains are directly proportional.

The generalsolution of this problem was �rst given by Mitchell [MMFJ64]. He
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showed that the stressesat any point in the disk producedby N concentrated loads

are obtained by combining in appropriate manner radial stresscontribution by each

contact, and adding to it the isotropic tension � n which satis�es the boundary con-

ditions:

� r r = �
NX

i =1

2Fi

� t
cos(� i )

r i
(2.15)

� n =
NX

i =1

2Fi

� td
sin(� 1 + � 2) i (2.16)

� total = � r r + � n (2.17)

The above set of equationsare the solutions we have been looking for. In a large

collection of disks at static equilibrium, each disk may have a di�erent number of

forcesof arbitrary magnitudesand directions, but for each such disk the stress�eld

is given by a solution outlined above. From the above set of equations, we can

calculatean analytic expressionfor � 1 � � 2 [Appendix], which is usedin equation2.4.

In this way we cancreatea theoretical model for the observed intensity patterns. The

formula for � 1 � � 2 dependson the spatial coordinates within the disk and also on

the normal and the tangential contact forcecomponents, which we intend to extract

from the experimental data.

The next stage in the our method involves analysis of the photoelastic images

and �tting the observed photoelastic stresspatterns within each disk to the model

developed above. We will take up each of theseissuesin the next two sections.
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Figure 2.7: An experimental imageof stresspatterns in a collection of photoelastic
disks.

2.3 The inverse photo elastic problem: problem state-

ment and the solution

We have developed the necessarytheoretical background for addressingthe central

experimental challengeput forward in the beginning of this chapter. The experi-

mental problem can be de�ned much morepreciselyfor our experimental systemand

understood moreclearly with the help of an experimental image. Figure 2.7showsan

experimental imageof a collection of photoelasticdiskscon�ned in a rectangularen-

closureand under compressive boundary forces.The boundary forcesare distributed

within the system in a non-uniform manner with di�erent disks carrying di�erent

amounts of loads. Each disk under compressionshows a stresspattern produced

by the contact forcesacting on it. It can observed that the stresspattern of each

disk is di�erent, even if only slightly, from any other disk. More quantitativ ely, the
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stressstate of each disk depends on the number of contacts it has, the location of

the contacts, and the magnitudesand directions of each of the contact forces.Since

the number of combinations of thesevariables is exceedinglylarge, for all practical

purposes,each disk carrying some�nite amount of load hasa uniquestressstate and

hencea unique stresspattern.

Our objective is to �nd the magnitudesand directions of contact forcesat every

contact of each particle carrying a �nite amount of load. In order to achieve this, we

needto know several things:

� center of massof each disk;

� number of contacts for each disk;

� locations of the contacts;

� greyscaleor RGB imageof stresspatterns inside the disks.

We have seenthe exampleof the last item in the above list in Figure 2.7. This is

the imageobtained by viewing the imagethrough crossedpolarizers. If we usewhite

light and a color camera,we obtain a truecolor RGB image,whereasa monochrome

light sourceor a monochromecamerawould yield a greyscaleimage. The RGB images

yield three times the information obtainedfrom a greyscaleimage;on the other hand,

a narrowband monochromelight sourcereduceserrorsdue to wavelengthspread,and

yields precisefringes for a particular wavelength. We will make useof both kinds of

imagesto study di�erent problems,asour inverseproblemsolution method is general

enoughso that it can be modi�ed suitably for both kinds of images.

The �rst task before �nding the contact forces is obtaining the material fringe

value, f � , which is the combination of constants in the phaseof the sin() function

of equation 2.4. The details of obtaining this constant will be described in a later
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section. Oncef � is known, the algorithm for solving the photoelastic inverseproblem

for any particular disk in the samplecan be put quite simply as follows:

� locate the center of the disk;

� �nd out the number of contacts and the x-y coordinatesof thosecontacts;

� considerthe stresspattern inside the disk as experimental data;

� �t observed stresspattern to the theoretical stresspattern given by equation

2.4, by keepingthe contact force components as �tting parameters;

� treat the best �t parametervaluesasmeasuredcontact forces.

The processof solving the inverseproblem can be split into two steps. The �rst

step is to obtain the geometric information about the system, i.e. the disk centers,

contact numbersand their locations. The secondstep is obtaining the contact forces

by �tting the analytical model to the observed stresspatterns. In what follows, we

will take up each step separatelyand examinethe methods involved in each step in

detail.

2.3.1 Geometric image analysis: obtaining the particle cen-

ters and contacts information.

The center of massinformation for objects of any shape within an image requires

morphologicaloperations to be performedon the image. The central idea is to con-

�ne the regionof interest (ROI) within a boundary, eliminate the intensity variations

within the ROI and assigna prescribed intensity valuesuch that it is distinctly di�er-

ent from the background and unambiguously identi�able. This step usually results

in binarization or thresholding of the image. There are several distinct strategies

to obtain centers of dark/brigh t blobs in bright/dark background. One approach is
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to continue the morphological imageoperations and perform a sequenceof erosions

and �nd the ultimate erosionpoint (UEP). Another approach is to perform moments

analysison the ROI with the �rst moment being the center of mass. In a di�erent

approach, the greyscaleor a binary image is convoluted with a speci�ed kernel to

obtain the centers. In general�nding circular areasand centers of circlesis an easier

task than most other shapes[Rus99,Gre83]

Figure 2.8: Unpolarized imageto obtain disk centers and contacts.

An inspection of Figure 2.7 reveals that a simple minded strategy for �nding

centers of circles is unlikely to work for photoelastic images. The reasonfor this is

the spatially periodic variations of intensities within each disk, which are di�erent

for each disk, and which hinder any attempt to apply global rules for �nding circles

and their centers. This problem is overcomeby acquiring a separateimage which

captures only the particles without the stress patterns. This is accomplishedby

capturing the image without the analyzer. The resultant image is shown in Figure
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2.8. This imageis ideally suited to �nding circular disks and their centers using any

of the approachesmentioned above. We will predominantly usethe erosionmethod

which is computationally fast but requiressomeamount of manual input to improve

the accuracyof the method. When a largedata set is to be analyzed,the convolution

method is more suitable, as it can be completely automated.

Figure 2.9: An unpolarized imageof the disks with centers superimposed.

An exampleof the centers found by above erosionmethod is shown in Figure 2.9.

The image size is 3264� 2448. The erosionmethod is implemented using software

written in C. It is also cross-checked with Matlab codes. Key steps involved in

obtaining centers from an unpolarized imageare as follows:

� A Sobel edgedetector is usedto �nd the edgesof the disks.

� The edge-detectedimageis binarized using an appropriate intensity threshold,

and reversed,which resultsin an imagewith bright blobson a dark background.
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� Multiple erosionsare applied to separatethe blobscompletely from each other.

This resultsin substantial reduction in the sizeof the blobs,andalsoa distortion

of the circular shape.

� A few dilations are applied until the blobsgrow, soasto becomemore rounded

but still separatedfrom each other.

� A labelling algorithm is applied, which �nds the geometricmeanof connected

bright pixels.

The centers arefound with a pixel-level, or even sub-pixelaccuracy. The accuracy

can be maintained at sub-pixel level by manually adjusting the image processing

parameters like the threshold value and the number of erosion-dilation cycles, for

a given run. The most important aspect of the processis removal of all the voids

of di�erent shapes and sizes. This is accomplishedby calculating the form factor

f = L2=4� A of the blobs, where L is the perimeter, and A is the area of the blob.

For circular disks, the form factor is 1, whereasfor non-circular objects it is greater

than 1. Retaining objects with form factors closeto 1 eliminates the voids which

typically have much larger form factors. Although the form-factor criterion is quite

accurate,occasionallya disk is missed,or a void is treated asa disk. Thesecasesare

correctedmanually. Typically, only oneor two such erroneousinstancesoccur for an

imagewith roughly 1300disks.

The next step in our method involves �nding particle contacts. Most traditional

methods of �nding nearestneighbors or contacts employ a euclideandistancecrite-

rion. The idea is to check center-to-center distancesand consider two particles in

contact if this distance is within a few percent of the sum of the radii. Ordinarily

this approach would su�ce, but for our systemthis simple approach falls short due

to oneextra requirement. We want to �nd not just the possiblecontacts but the true
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force-transmitting contacts. In addition, for the inverseproblem solution to work

e�ectively and e�cien tly, we needa high accuracyin �nding true contacts.

In view of this requirement, we implement a two step procedurefor �nding the

true contacts. In the �rst stepweobtain possiblecontacts by employing the euclidean

distancecriterion from the centers found as described above. In the secondstep we

usethe polarizedstressimageand examinethe region around each possiblecontacts

to determineif there is a transmissionof force. This determination is doneby looking

at the intensity variations and the squareof the gradient of intensity, r I 2
x;y in a small

window around the contact. Typically, when a contact carries a load, it acts as a

sourcepoint for fringes resulting in rapid variations in the intensity as comparedto

the rest of the disk or a contact carrying no force. This is dueto the variation of stress

near the contact. This allows us to identify a true contact basedon a cuto� value of

the gradients in intensity. If the squareof the gradient of intensity is higher than a

cuto� value, the contact is treated asa true contact. This procedureis quite accurate

with errors around 2%. The error estimate is found by employing the criterion on

various test imageswith manually determinedcontacts. The primary reasonfor the

errors is the digital imagenoiseand resolution limit.

The intensity gradient, r I 2
x;y , calculatedat each point in the imageis a four-way

(horizontal, vertical, and both diagonals)averageof the intensity di�erence squared

divided by the distanceof a line segment joining the pixels:

r I 2
x;y =

1
4

h
(
I x+1 ;y � I x� 1;y

2
)2 + (

I x;y +1 � I x;y � 1

2
)2 +

(
I x+1 ;y+1 � I x� 1;y� 1

2
p

2
)2 + (

I x+1 ;y� 1 � I x� 1;y+1

2
p

2
)2

i
(2.18)

for a squarepixel array with directions x and y. Each individual component of the

gradient is squaredto remove the directional dependence.

Finally, the averagegradient squaredof intensity (G2) is found by averagingr I 2
x;y
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over the entire N pixels contained within the region of interest (ROI):

G2 =
1
N

X

x;y

r I 2
x;y : (2.19)

Figure 2.10: An exampleof an image (left) and its gradient square(right) as an
image.

Figure 2.11: Imageof the systemwith centers and contacts.

Figure 2.10shows an exampleimage(left) and the imageconstructedby �nding

the G2 at every pixel (right). This pixelwise G2 is then averagedover a suitable
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window around the contact to obtain the averageG2 around a contact. The number

of fringes increaseas the contact force increases,resulting in a higher averageG2 as

comparedto any other areainsidethe disk. Figure 2.11shows the stressimageof the

systemwith centers marked as black dots and contacts as red crosses.The average

spatial error in �nding the contact location is roughly two pixels.

The locations of the centers of the disks and the force-bearing contacts complete

the geometricinformation required prior to the measurement of contact forces. The

contact forcescan now be found by utilizing the geometric information along with

the stresspattern inside the disks and the plane elasticity solution.

2.4 Solving the inverse problem

At this stageof our analysis,we have the geometricinformation about the disks; the

locations of the centers of the disks, the number of contacts each disk has,and their

coordinates. Before we begin to implement the solution to the inverseproblem, we

needto �nd the relation between the optical responseof the material with applied

stress. This relation is a property of the material, and can be quanti�ed by a single

constant; the fringe value, f � , which is de�ned by combining all the constants in the

phaseof equation 2.4, and is given by:

f � =
�

Ct
(2.20)

Although it can be found by knowing all the constants exactly, in practice, for

a given material of speci�c thickness, observed under white light, it is found by

applying various loads to the sample,and measuringthe fringe number at speci�c

locations. For disks, the procedureis somewhatsimpli�ed, and rather accurate,since

the relation between the material fringe value, diametrically applied loads, and the
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fringe number at the center of the disk is very simple. It is given by:

f � =
4F

� DN
(2.21)

where, F is the applied load, N is the fringe number at the center and D is the

diameter of the disk.

Figure 2.12: A sequenceof experimental imagesof diametrically loaded disks for
calibration.

Figure 2.12shows a sequenceof imagesof diametrically loadeddiskswith increas-

ing loads. It can be seenthat the number of bands or fringes in the disks increase

as the load increases.The fringes are contours of constant shearstress,and can be

numbered systematically, signifying increaseof shearstressas we trace a path from

the edgeof the disk towards the contact locations. The center of the disk is a sad-

dle point, wherefringesoriginating from the two opposite contact points meet. The

fringe number is zeroat the boundary and then increasesby onehalf integer for every

bright and dark band crossing. Thus the �rst bright band from the circumference

has the fringe number 0.5, the next dark band, 1.0 and so on.
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Figure 2.13: Calibration curve for force and fringe number.

Figure 2.13 shows the calibration curve for applied load (F) versus the fringe

number (N) at the center of the disk. The applied load is measuredwith a digital

force gauge(IMAD A DPS-1) with a resolution of 0.001N. The slope of the straight

line �t to this curve can be used to �nd the fringe value f � , from equation 2.21.

The disksusedin our experiments are madefrom a polymer (PS-4, Vishay Inc.); the

Young'smodulus of the disks is 4 MPa, diameter is around 0.8 cm, and the thickness

is around 0.5 cm. For this material, the fringe value comesout to be about 58.

Oncethe material fringe value is known, the analysisfor �nding contact forcesfrom

individual imagescan begin.

The basic idea in solving the inverse problem is to use equation 2.4, which is

rewritten below in terms of f � .

I (x; y) = I 0 sin2[
(� 1 � � 2)�

f �
] (2.22)
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The left side of the equation is the observed intensity at a pixel coordinate x

and y. The right hand side of the equation has two contributions; one is the known

fringe value f � , and the other is the principal stressdi�erence � 1 � � 2, at the physical

coordinate x and y of the disk. The pattern of intensity variation re
ects the variation

of � 1 � � 2 asa function of spatial coordinates. Our procedurefor extracting contact

forcesrelies on substituting an analytical expressionfor � 1 � � 2. If we can manage

to do that, then we can cast the problem as a non-linear �tting problem between

observed intensities and theoretical intensities.

Wehavederivedan exactanalytic expressionfor the stresscomponents for general

caseof N point contact loads of arbitrary magnitudes and in arbitrary directions,

obeying forceand torque balance,and acting on the circumferenceof a disk. The full

solution is given in the Appendix. From thesestresscomponents, the eigenvaluesof

the stresstensorcan be computed,and hencethe di�erence in the eigenvalues,which

is the principal stressdi�erence � 1 � � 2. The observed intensities are sin2 of the

principal stressdi�erence, which makesthe responsehighly nonlinear and periodic.

2.4.1 Algorithm for solving the inverse problem

To beginwith, we will �rst considerthe singledisk problem. Figure 2.14shows a disk

acted upon by a number of forces. Using the plane elasticity theory, we can obtain

the individual stresscomponents � xx ; � yy , and � xy in terms of the contact forces.For

a two dimensionaldisk, the completestresstensor is given by:

� =
�

� xx � xz

� zx � zz

�
: (2.23)

The eigenvaluesor the principal stresses� 1, and � 2 of the stresstensor are given
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Figure 2.14: Schematic diagram of forcesacting on a disk.

by:

� 1;2 =
� (� xx � � yy) �

q
(� xx � � yy)2 + 4� 2

xy

2
(2.24)

The principal stressdi�erence is given by:

� 1 � � 2 =
q

(� xx � � yy)2 + 4� 2
xy (2.25)

The above expressionfor the principal stressdi�erence is a function of contact

force components which we need to extract. The way in which we implement the

algorithm for extracting theseforcescan best be understood with the help of a few

examples.

Consider, for a single disk, the simplest possiblesituation of two equal and op-

posite forcesacting on the boundary of the disk as shown in Figure 2.15. We begin

by �nding the center of the disk, marked in the image as x. The locations of the

contacts can also easily be found in from the image. The black circle in the image

45



Figure 2.15: Diametrical forcesacting on a disk: the center is marked as \x", and
the areawithin the circular ring is usedto obtain intensity data.

within the disk represents the region which we useasexperimental data. The region

usedto get observed intensity is chosencarefully to avoid data points very closeto

the contact points. Very closeto the contacts, the density of fringes increasesvery

rapidly and producesdata which is not very well resolved. In order to �t the model to

the data, we needsu�cien t number of good data points, which we can obtain from

the interior of the disk, while avoiding ill-resolved data near the contacts. In this

way, as experimental data, we have a matrix of intensity values(I) at a given pixel

location (i,j), in the imagecoordinate system. In order to set the �tting problem, we

needto convert the pixel coordinates to physical coordinateswith the axescentered

at the center of the disk. This is accomplishedby a simple linear transformation.

Now we have, in physical coordinatesof the disk, the following:
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I (x; y)observed = I 0sin2

2

4
(
q

(� xx � � yy)2 + 4� 2
xy )�

f �

3

5 (2.26)

This is the equation we will useto extract the contact forces.On the left sideof

the equation, we have experimental intensities at various locations within the disk.

On the right side, we have the theoretical values of intensities at these locations

dependingon the external forces.Our goal is to �nd the external forceswhich result

in theoretical intensities closestto the observed intensities at all of the data points

under consideration.

This goal is best achieved by performing a nonlinear least-squares�t between

the observed intensities, and the theoretical solution, keepingthe external forcesas

free parameters. The �tting procedure, when �nished should yield us the contact

forcesasbest-�t parametervalues. The algorithm usedfor performing the nonlinear

least-squares�t is due to Levenberg & Marquardt [PFTV92]. We implement a two

dimensionalnonlinear �tting procedure.

The Levenberg-Marquardt algorithm starts with the usersupplieddata for the in-

tensitiesat various locationsof the disk, the coordinatesof thosepoints, the analytic

expressionsfor the theoretical intensities,and the derivativesof this analytic expres-

sion with respect to the �tting parameters.Given this basic information, and initial

guessesfor the �tting parameters,the algorithm beginscomputing the least-square

error betweenthe observed valuesand the computed values. It then increments the

initial guessesby a small amount and recomputesthe least-squareerror. If the error

increases,the valuesof the parametersare reducedby a small amount. If the error

decreases,the new parameter valuesreplacethe initial guesses.The processcan be

repeateduntil the changein the error is lessthan a predeterminedsmall amount. In

this way, the algorithm settles on the �nal values of the �tting parameters,which
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are taken as the measuredcontact forces. This is a barebonessketch of the algo-

rithm, which in practice hasmany subtleties, like any numerical analysisof nonlinear

problems. The details can be found in [PFTV92].

A peculiar feature of any nonlinear �tting procedureis the dependenceon initial

guessesof the �tting parameters. This dependenceon initial values is problematic

even in one dimension. In two spatial dimensions,the problem is even more com-

pounded. Borrowing the languageof energyminimization problems,our �tting pro-

cedureis equivalent to �nding the global minimum of a complicatedtwo-dimensional

energylandscape. If onestarts with initial guessesof parameterswhich arevery close

to the correct values, the convergenceis rapid and usually accurate. On the other

hand, a di�erent set of initial guessesmay converge rapidly but only onto a local

minimum. Convergenceonto a global minimum is not guaranteed. In view of this,

we augment our �tting procedureto �nd the best-�t parametersby large number of

initial guessesof parametervalueswithin a certain range. We then comparethe �nal

least-squareerrors of theseconvergedsolutions,and selectthe best-�t parameterset

with the minimum error. This step further improvesthe accuracyof the method.

In practice, the rangeof initial guesseswe supply is basedon the following obser-

vation. Each contact force on a disk has magnitude and direction. The magnitude

of the contact force can be guessedreasonablyaccurately by using prior calibration.

The calibration tells us what the intensity pattern looks like around the contact,

when a force of certain magnitude is applied. What this calibration doesnot tell us

is the direction in which this forceacts. The job of the nonlinear �tting procedureis

to give us not only a moreaccuratemeasureof the magnitudeof the forcebut alsoits

direction. In order to obtain this direction preciselyand unambiguously, we supply a

rangeof initial guesseswith the samemagnitude but di�erent directions, implement

the �t, obtain the best-�t parametervaluesfor each set of initial guesses,and select
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the set with the lowest error. In most cases,this procedureproducesan accurate

estimation of both the magnitudesand directions of the contact forcesacting on the

disk.

A secondarea of concern for nonlinear �ts in general is the number of �tting

parameters. The overall convergenceproperties of the �tting proceduredepend on

the number of parametersto be �tted; more parametersrequire more representativ e

data points. This in turn a�ects the computational e�ort. In our casewe can reduce

the number of �tting parametersby enforcing force balanceand torque balance;a

fundamental requirement for frictional particles to be in static equilibrium. Thus, for

N contact forces,we have 2N unknown forcecomponents that we needto determine.

Sincethe disk is in static equilibrium, all the 2N parametersarenot independent. The

force balancecondition on X and Y components of forcesproducestwo constraints:

NX

i =1

Fix = 0 (2.27)

NX

j =1

Fj y = 0 (2.28)

(2.29)

whereFix , and Fj y are the X and Y components of contact forces.

The torque balanceproducesonemore constraint.

NX

i =1

~Ri � ~Fi = 0 (2.30)

where, Ri is the radius vector between the center of the disk and i-th contact, and

Fi is the force at the contact. � is the vector product.

In the end we have 3 constraints on our 2N free parameters,which reduce the

number of free parameters to 2N-3. This is of substantial help in reducing com-
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Image Experimental Force(N) Best-Fit force (N) Error (%)
1 0:149� 0:001 0.146 0.3
2 0:198� 0:001 0.200 0.2
3 0:298� 0:001 0.299 0.1
4 0:372� 0:001 0.376 0.4

Table 2.1: A table of experimental and computedvaluesof forces

putational time and improve the e�ciency of the algorithm. In addition, it is also

physically meaningful, sinceany best-�t force components are necessarilyforce and

torque balanced.

Figure 2.16: Experimental image of a diametrically loaded disk (left), and the
best-�t imageobtained after obtaining the contact forces(right).

Oncethe contact forcesareobtained,wecanusethe theoretical model to visualize

the responseof the disk to the contact forcesby computing the intensities using the

best-�t forcevalues. It givesan easilyveri�able visual check asto the reasonableness

of the measuredforcevalues. Figure 2.16shows an exampleof an experimental image

and the best-�t imagegeneratedfrom the best-�t force values.

Figure 2.17 shows such numerically generatedbest-�t imagesconstructed from

the best-�t contact forcesof the diametrically loadeddisks usedto obtain the fringe

value f � . Theseimagesare in the samesequenceas in Figure 2.12. The similarity

between the observed and best-�t imagesis readily apparent. Table 2.1 shows the

valuesof the applied force and those obtained from solving the inverseproblem in
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Figure 2.17: Best-�t imagesof the calibration imagesshown in Figure 2.12.

each case.The errors are very small in thesesimple two-contact casesprimarily due

to the fact that after imposing force and torque balance,we are left with only one

free parameter.

The main idea to be grasped from Figure 2.16and Figure 2.17is that the method

proposedhereworks rather well in extracting contact forcesfrom experimental stress

images. The examplespresented so far should be consideredas \pro of of principle"

type of evidence.

Wenow examinehow well the method workswhentherearemorethan two contact

forcesacting on the disk. Essentially the procedureis exactly the sameexcept for

the fact that there are more free parametersnow.

Figure 2.18shows a comparisonbetweenthe experimental imagewith three loads

applied to a disk, and the best-�t image generatedafter �nding the contact forces.

The agreement between the observed photoelastic responseand the theoretical re-

sponseis again evident. The contact at the bottom the image was loaded with a
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Figure 2.18: Experimental imageof a disk with three contacts (left) and the best-�t
image(right).

force gauge,which gave an independent measureof the force. The applied load was

0.663N and the forceobtainedafter the �tting procedurewas0.685,which is an error

of roughly 3%. This is expected since the large forceshave resulted in high fringe

density, which hasnot beenwell-resolved at the contacts.

2.4.2 An arra y of disks: multi-con tact, multi-particle prob-

lem

The next signi�cant test of our procedurefor contact force measurements is for the

caseof an array of disks under somearbitrary boundary load. The contact loca-

tions, aswell asthe normal and tangential forcesdeveloped betweenthe particles are

somewhatrandom, or at the very least, not carefully controlled. In this situation,

we can truly test both aspects of our method; accuracywith which we can obtain

the centers, and contact locations in an automated fashion,and the accuracyin the

normal and the tangential components of the contact forces.

Figure 2.19 (left) shows a small collection of disks con�ned in a rectangular en-

closure, with a force applied on the disk at center of the bottom boundary. The
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Figure 2.19: Experimental imageof an array of disks (left), and the best-�t image
obtained after obtaining the contact forces(right).

applied force is measuredwith a force gauge. The centers of the disks and contact

locations are found by methods described in earlier sections.Each disk is treated as

an independent object, and solved for separately. Thus, we start with the disk at

the bottom boundary, and �nd the normal, and the tangential contact forcesfor that

disk. We know the value of one of the contact force magnitude sinceit is measured

with the force gauge.We can comparethe value of the force measuredvia the force

gaugeand the oneobtained by solving the inverseproblem, giving us an estimateof

the error at that contact, which is roughly 1.2%. Each disk is solved for subsequently,

starting with the contacting neighbours of the �rst disk. This allows us to supply the

forcesfound for the �rst disk as initial guessesfor contact forcesof the other disks.

Onceall the contact forceshave beenfound, the best-�t imageis computed.

Figure 2.19shows the best-�t imagecomputedafter all the diskshave beensolved

for. The �t again appearsgood, although not asgood as in Figure 2.17,or in Figure

2.18. This is becausein order to capture more disks, the resolution per disk has to

be lowered.

In most situations of interest, we will not have a measureof the force on one or

more boundary particles. For thesecases,it is highly desirableto have an estimate
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of the errors in the best-�t force valueswhich is in somesensean internal measure.

One internal measureof errors in �tting is the usual � 2, or the least-squareerror.

This measurepertains only to the �tting algorithm; how well the observed, and

the theoretical values match for the data points chosento be used for solving the

inverse problem. In order to have a more physical measureof the errors in force

measurements, we employ the following procedure.

As mentioned earlier, our proceduretreats each disk separately, and solvesfor the

contact forceson onedisk at a time. The only constraint we have is that the forces

and torquesbe balancedfor that particular disk. This still lavesonemore constraint

on the entire array of disks, viz. Newton's third law. The forcesbetweenthe disks

haveto beequalandopposite. Wedo not imposethe third law on our system. Instead

we usethe third law as a measurefor the errors in the contact force measurements.

Sincea contact is sharedbetweentwo disks,we get two valuesfor the normal and the

tangential component of the forceat that contact. Ideally, they should be equaland

opposite, but in practice they are somewhatdi�erent. We calculate the di�erence

betweenthe valuesobtained for the normal, and the tangential component and also

the total magnitude of the force. We usethesedi�erences to estimate the errors in

contact force measurements for disks in the bulk sample.

Using this procedure,we �nd that the averageerror in the magnitude of contact

forcesare small ( � 5 %) for forcesbetween0.15N and 1.5 N, but they are relatively

higher ( 5-10%) for forceslower than 0.15N and higher than 1.5 N. The reasonsfor

higher errorsat both the very low, and very high end are di�erent. At the low end of

forces,there is very little intensity variation data to make a precisemeasurement of

forces.At the high end, we have two limitations; oneis the resolution of the imaging

deviceitself, and the other is the sensitivity of the material itself, which is dictated by

the stress-opticcoe�cien t. Force measurements with the lowest errors are obtained
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when the fringes are well-resolved, which happens in the above mentioned range of

0.15 N - 1.5 N. In most of our experiments, the loads on any given disk are always

lower than 1.5 N, and the averageforce in most casesis around 0.4 - 0.6 N.

From all of the above data and discussion,a few important conclusionscan be

drawn. The method proposedin this thesis to extract vector contact forcesis suc-

cessfull. The method not only yields the magnitudesof contact forcesbut also the

directions. In other words, we can obtain not only the normal forces,but also the

tangential forcesacting on the disk at each contact. The inversemethod is e�ective

even if the boundary forcesare not known. The errors in the measurements are small

for most of the force-rangeof interest to us.

Wecannow beginour systematicstudy of granular systemsunderdi�erent loading

conditions, like isotropic compression,pure shear, simple shearetc., with the help

of grain-scalecontact force measurements; such an approach was feasibleonly via

numerical simulations so far. The grain-scalecontact force measurements can be

used to gain a deeper understanding of the bulk responseof the system. We will

investigatetheseissuesin the subsequent chapters.

55



Chapter 3

Response of gran ular systems to
compression and pure shear

We begin, starting with this chapter, to apply our method of measuringgrain-scale

normal and tangential contact forcesto granular systemsunder di�erent conditions.

Our objective is to study the behavior of granular systemsunder di�erent loads in

terms of the contact forcedistributions, the spatial structure of force-chains, and the

geometryof contact networks. We would like to ascertainif there are any signi�cant

di�erencesin the responseof the systemto di�erent loadslikepureshearand isotropic

compression,and �nd ways to quantify thesedi�erences.

3.1 In tro duction

A fundamental goal of granular mechanics is to understand the inhomogeneousdis-

tribution of interparticle forcesmanifestedqualitativ ely as �lamentary force chains,

and their spatial correlations, speci�cally in response to forces at the boundaries

[GHL+ 01, RC01]. Achieving this goal is of central importance in civil engineering,

geophysics,and physics[JNB96a, BJ97, Ned92] for understandingchallengingprob-

lemslike jamming, shearinducedyielding and mechanical response.Here,we present

novel experimental data for both normal and tangential grain-scaleforces inside a

two-dimensionalsystemof photoelastic disks subjected to pure shearand isotropic

compression. Various statistical measuresshow the underlying di�erences in these

two stressstates. Thesedi�erencesappear in the distributions of normal forces(more

rounded for compressionthan shear)although not in the distributions of tangential

forces(exponential in both cases).Shearedsystemsshow anisotropy in distributions
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of both the contact network and the contact forces. Anisotropy also occurs in the

spatial correlations of forces,which provide a quantitativ e replacement for the idea

of forcechains. Shearedsystemshave long-rangecorrelationsin the direction of force

chains. Isotropically compressedsystemshave short-rangecorrelations regardlessof

the direction.

Under the action of external stresses,grains in dry granular materials form an

inhomogeneouscontact network, which carries most of the external load via force

chains. The resultant network is di�erent for shearingthan for isotropic compression

and is history-dependent due to friction. Previous experiments [MJN98, TVCR98,

LMF99] have reported an exponential tail for the distribution of contact force mag-

nitudes. This tail can be successfullypredicted by many models [GG03, SvHSvS03]

with radically di�erent mathematical structures and microscopicassumptions.Test-

ing the validit y of these models requires that the predicted force distributions be

veri�ed by measurements of full vectorial contact forcesin the bulk of the sample. It

is also important to �nd other distinguishing signaturescharacterizing the nature of

force chain networks under di�erent boundary conditions, an important goal of the

present work.

In the following experiments, we visualize internal stressesin each grain and

by solving the full inverse photoelastic problem [Fro41] for each disk, we obtain

normal and tangential forcecomponents for each contact betweendisks. We usethis

microscopiccontact forceinformation to investigatedi�erences in the distributions of

contact forces,and the forcechain structure, arising from two di�erent typesof loads:

pure shearand isotropic compression.We �nd that forceshave distinctive angular

distributions and spatial correlationsdepending on the macroscopicpreparation. In

particular, forces have long-range correlations in the direction of force chains for

shearedsystems,but arecorrelatedover a much shorter range,regardlessof direction
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for isotropically compressedsystems.

Figure 3.1: a: Biaxial test apparatus, b: (top) Isotropically compressedsystem,
(bottom) shearedsystem,c: Singledisk pattern.

3.2 Exp erimen tal system and metho ds

Our experimental system is a two-dimensional (2D) array of approximately 2500

bidispersephotoelastic (birefringent under strain) disks subjected to pure shearand

isotropic compression.Figure 3.1a shows the schematic diagram of the biaxial test

cell. The biaxial test apparatusrestshorizontally on a sheetof Plexiglasand is used

to impart pure shearand isotropic compression. Motorized linear slides move two

walls of the biaxial cell precisely and independently with a velocity of .024 cm/s.
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The systemis illuminated from below and a high-resolutioncameracapturesdigital

imagesfrom above. Each image captures roughly 250 particles located around the

center of the cell, roughly 10%of the total number of particles. The systemis imaged

through crossedcircular polarizers.

For each type of load, incremental deformationsareapplied in a quasi-staticman-

ner, beginningwith a stress-freestate. The shearedstatesarecreatedby compressing

in onedirection and expandingby an equalamount in the other direction with strains

(� xx = � yy = j� L=L j) ranging from 0 to 0.042. Isotropically compressedstates are

createdby compressingin both directions with strains ranging from 0 to 0.016. The

particles usedin the experiment are either 0.8 cm or 0.9 cm in diameter and 0.6 cm

in height with a Young'smodulus of 4 MPa and friction coe�cien t 0.8. The number

ratio of small to large disks is 4:1.

Figure 3.1b shows typical system size imagesfor isotropically compressedstate

(top) andshearedstate (bottom). Figure 3.1cshowsan exampleof the observedstress

pattern for a singleparticle at the resolution 0.01cm/pixel usedin thesestudies.

Although previous approaches [DDJdJ72b, DW83, SN85, DX93] have obtained

contact forcesusing photoelastic techniques, they were neither automated nor suit-

able for a large enoughnumber of particles to generatestatistical information. Mea-

surements of contact forcesin our method are performedin a completelyautomated

fashion for all disks except thoseat the boundary of the image.

Our algorithm (Chapter 2) for extracting contact forcesinvolves �tting the ob-

served photoelastic pattern inside each disk to the plane elasticity solution [LL70b]

for the stressesinside a disk, treating the forcecomponents as �tting parameters. In

e�ect we solve the 2D isotropic elasticity equationsfor each disk assuminga perfect

line contact between3D cylinders. As long asthe deformationsarenot too large,asis

the casein our experiments, the 2D solution is a good approximation. As the experi-
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mental imageis a highly non-linear function of the contact forceswith the possibility

of multiple solutions, we perform a non-linear least-squares�t using about 500data

points for each disk. The best-�t parametervaluesare our measuredcontact forces.

Figure 3.2: a,c : Experimental images,b,d: Best-�t images.

For each realization, we comparethe image computed using the best-�t contact

forcesand the original experimental image. Figure 2 shows two such realizations.

The computed images(Fig 2b, d) agreewell with the experimental images(Fig.

2a, c) in terms of capturing the broad featuresof force chains. The error estimates

found by calibration and by computing the averagedi�erence of pairs of forcesat

each contact are around 10 % for low forcesand 5% for mean-to-high forces. The

agreement betweenthe observed stress�eld insideeach disk and the computedstress
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�eld validates the useof 2D approximation. The data presented below (Fig. 3, Fig.

4) is obtained from �v e realizations for each stressstate. We usethe contact forces

obtained by the procedureoutlined above to investigatethe distributions of contact

forcesand the anisotropy induced by external loads.

3.3 Results

Figure 3.3: Distributions of the contact forces,and mobilized friction for sheared,
and isotropically compressedsystems.a) Probability distributions of the normal, and
the tangential forcesfor shearedsystems.b) Mobilized friction for shearedsystems.
c) Probability distributions of the normal and the tangential forcesfor isotropically
compressedsystems.d) Mobilized friction for isotropically compressedsystems.
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Figure 3.3 shows the distributions of the normal force, the tangential force and

the ratio of tangential to normal force,for a shearedsystemand an isotropically com-

pressedsystem. The deformation for isotropically compressedand shearedsystems

is 0.016and 0.042respectively. The normal and the tangential forcesare normalized

by the mean normal force, < Fn > . The mean normal force is around 0.25 N, and

0.4 N for shearedand isotropically compressedsystemsrespectively. The normal

forcedistribution for the shearedsystem(Figure 3.3a) hasa peak around the mean,

a roughly exponential tail and a dip towards zero for forceslower than the mean.

In contrast, for isotropically compressedsystems,the normal forcedistribution (Fig-

ure 3.3c) dips towards zero for forcesbelow the mean, is broad around the mean,

and decays faster for large forcescomparedto the shearedsystem. The tangential

force distributions have a nearly exponential tail for forceslarger than the meanfor

both the sheared(Figure 3.3a)and the isotropically compressedsystem(Figure 3.3c).

The meantangential forcesare an order of magnitudesmaller than the meannormal

forces:a feature responsible for a smaller rangeof maximum tangential forces.

In order to investigatethe role of friction in the system,we study the distribution

of the variable S = j Ft j =�F n , where � is the static friction coe�cien t, Ft is the

tangential force,and Fn is the normal force. The variable S givesinformation about

how far away a contact is from the Coulomb failure criterion. If a contact is at the

Coulomb failure criterion, S=1. Figure 3.3b and Figure 3.3d show the distributions

of S for the shearedand the isotropically compressedsystem,respectively. For both

typesof loading conditions, the distribution of S shows that most of the contacts are

much below the Coulomb failure condition. Numerical simulations of 3D granular

systemsin a silo geometry by Landry et al. [LGSP03] report similar results for

the distributions of the normal forcesand the tangential forcesin shearedsystems.

The distributions of the mobilized friction in the interior of the systemreported by
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Silbert et al. [SGL02] are qualitativ ely similar to our results for the shearedsystems.

The similarity in the distributions of the mobilized friction for the shearedand the

isotropically compressedsystemscould be due to the fact that our shearedsystemis

well below the shearyield limit and that our distributions are obtained from regions

far away from the walls.

Figure 3.4 shows the contact orientation, variation of the meanforce and spatial

correlations of forces for the shearedand isotropically compressedsystems. The

meanco-ordination numbersfor the shearedsystemand the isotropically compressed

systemare 3.1 and 3.7, respectively. The deformationsfor each type of loadsare the

sameas in Figure 3.3. Figure 3.4 a & b show the distribution of contact anglesof

contacts carrying forceslarger than the mean, for the shearedand the isotropically

compressedsystem,respectively.

Figure 3.4c & d show the angular variation of the meannormal force,normalized

by the maximum of the mean normal force, for the shearedand the isotropically

compressedsystem, respectively. Starting from the center of the image, the image

is divided into 24 angular bins of 15 degreeseach and the averagenormal force in

each bin is plotted against the meanvalue of that bin. The angle is measuredwith

respect to the horizontal axis. The parametersof the �t in c are a=0.563, b=0.727

and � 0 = 0:374. The parametera givesthe meanforce,b is a measureof anisotropy

of the meanforce and � 0 givesthe direction in which the meanforce is maximum.

Figure 3.4e shows the spatial correlations of forces for the shearedsystem in

the direction of force chains and perpendicular to it. Figure 3.4f shows the spatial

correlations for the isotropically compressedsystemin the sametwo directions used

for shearedsystem. The insetsof e & f show the greyscalerepresentations of the 2D

correlations. The darker regionscorrespond to low correlation valuesand brighter

regionsto high correlation values. The computationsare performedin Fourier space,
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Figure 3.4: Contact orientation, variation of the meanforceand spatial correlations
for the shearedand isotropically compressedsystems.
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asthe imagesizesarelarge(1600x1152).The plots areon a log-logscalewith distance

R normalizedby the averagediameter D of the disks.

Our next focus of investigation is the shearinduced anisotropy. The anisotropy

inducedby an external load hastwo distinct e�ects; one,a purely geometrice�ect, is

to introduceanisotropy in the contact network, and the other, a mechanical e�ect, is

to develop an anisotropic forcechain network and alter the stressdistribution in the

system. In order to investigatethe geometricanisotropy, we study the distribution of

contact anglesfor contacts carrying forceslarger than the mean force. The sheared

systemFigure 3.4ashows a strongly anisotropic distribution with a large number of

contacts alignedalongthe direction of majorit y of forcechainsand a small number of

contacts in the direction perpendicular to it. In contrast, the isotropically compressed

systemexhibits a distribution with a six-fold symmetry Figure 3.4b, indicating that

the contacts are distributed evenly along thesedirections. A simple measurechar-

acterizing the mechanical anisotropy is the angular variation of the mean normal

force as shown in Figure 3.4c and Figure 3.4d, for the shearedand the isotropically

compressedsystem, respectively. For the shearedsystem, the mean normal force

shows a periodic variation with peaksroughly in the direction of force chains. The

variation can be adequatelydescribed by a secondorder Fourier expansion(Figure

3.4c), a result consistent with previousstudies[BPC04]. In contrast, for the isotrop-

ically compressedsystem,the meannormal force is distributed randomly around an

averagevalue (Figure 3.4d).

A more quantitativ e characterization of the forcechain structure can be obtained

by computing the 2D spatial correlation function of the magnitude of the forceson

the particles. Here, the idea is to provide a well-de�ned quantitativ e measureto

replacethe rather vaguelyde�ned notion of a force chain. Speci�cally we computed

< F(x)F(x + r ) > , where F(x) is the sum of the magnitudesof the contact forces
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on a particle, x gives the position vector of the point under consideration,and <>

implies an averageover x. Becausewe want to study the variation of this correlation

in di�erent directions, we do not averageover angles.Thus, the correlation function

givesspatial correlation between forcesseparatedby a distancer in di�erent direc-

tions. Figure 4e and Figure 3.4f show the 2D correlation functions for the sheared

systemand the isotropically compressedsystem,respectively. The inset in each case

shows greyscalerepresentation of the 2D correlation functions. For the shearedsys-

tem, the 2D correlation image(Figure 3.4e,inset) revealsthat the force correlations

are much larger and of much longer range in the direction of the long force chains.

Figure 3.4e,which depicts the variation of correlation function with distance in the

direction of, and perpendicular to, the force chains, indicates that the spatial corre-

lation in the forcechain direction persist for up to 15 particle diameters,whereasin

the perpendicular direction they fall to background valueswithin a coupleof particle

diameters. The correlation range in the direction of force chains is comparableto

half the imagesize,which is 15 particle diametersin length. This length is also the

Nyquist cut-o� frequencyof the Fourier method for computing the force correlation

function in our computedimages.The above data suggeststhe interesting possibility

that the spatial force correlation may in fact be power-law type in the direction of

long force chains for large systemsizes.

In completecontrast to shearedsystems,the isotropically compressedsystemhas

nearly uniform force correlation in all directions (Figure 3.4f, inset). This behavior

is con�rmed by examining the spatial correlation function in the sametwo direc-

tions usedfor the shearedcaseas shown in (Figure 3.4f). The correlation functions

drop to background valuesin both directions after two particle diameters. Thus, no

preferred direction is found in the isotropically compressedsystem, whereasin the

shearedsystemthe boundary stresscreatesan anisotropic stressstate characterized
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by long forcechains alignedin a speci�c direction. Our resultsstrongly indicate that

shearedsystemsexhibit not only geometricbut alsomechanical anisotropy and that

forcecorrelationsserve asan additional distinguishing signaturecharacterizingstress

induced anisotropy in granular systems. The rather long range of correlations in

the force chain direction is important for understandingthe approach to continuum

behavior.

The observations reported here open up a completely new regime of compari-

son between theoretical models and experiments. One of the earliest computations

of interparticle contact forcescomesfrom the numerical experiments by Radjai et

al. [RJMR96b], which are contact dynamicssimulations of rigid, frictional particles

under biaxial shear. Although the boundary conditions of the simulations and our

experiments are not identical, thesesimulations seemto be the closestmatch to our

experiments. Sinceour current experimental resolution doesnot allow us to measure

very small forces, we restrict our comparisonto forceshigher than the mean. In

qualitativ e agreement with our data for the shearedsystems,the simulations obtain

an exponential tail for forceslarger than the mean for the distributions of both the

normal and the tangential forces.

Two recent models,which study the forcedistributions in 2D systemsof friction-

lessparticles under isotropic compressionand shear,are alsorelevant for the present

data. A force ensemble approach by Snoeijer et al. [SVvHvS04] assumesequal a

priori probability for all force networks consistent with force balanceconstraints on

each particle. In this model, the distribution of the magnitude of the force has a

peak around the meanforce, �nite P(f ) at f = 0, and a tail decaying faster than an

exponential for compressedsystems. For shearedsystems,the model has an expo-

nential regimefor normal forcesup to three times larger than the mean(Snoeijer, J.,

private communication). A new lattice model [TSS+ 05] considerstriangular lattices
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with force balanceconstraints on each node, which allows isotropic and anisotropic

force chain networks. The lattice model prediction for the distribution of normal

forcesis an exponential tail for the shearedsystemsand a faster than exponential

decay of the tail for compressedsystems.The predictionsof both modelsfor sheared

and isotropically compressedsystemsare in qualitativ e agreement with the present

data. The absenceof friction in both these models precludesa comparisonof the

distributions of tangential forces.

We have obtained experimentally, for the �rst time to our knowledge, the dis-

tributions of both the normal and the tangential components of contact forces,at

the grain scale,in a bulk granular system. We �nd signi�cant di�erences in the nor-

mal force distributions for shearedand isotropically compressedsystems. We have

demonstrated that the force distributions, the force correlations and the angular

distributions are essential in capturing the anisotropy of force networks in systems

subjected to shearand that force correlations could serve as an additional test for

various models. Looking towards the future, we are now in a position to addressa

variety of important issueslike the nature of jamming transition, and plasticity in

shearedsystems. These issuesare vital for gaining a deeper understanding of the

macroscopicbehavior of granular systemsfrom microscopicobservations.
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Chapter 4

Jamming in isotropically compressed
systems

In this chapter we probe isotropically compressedsystemsfurther, but this time from

the point of view of jamming. Starting from a loosesystem,we study when exactly

the system jams and becomesmechanically stable, and what changesoccur in the

systemat the point whereit beginsto jam. We study theseissueswith the help of a

biaxial setup and measurement of contact forces.

4.1 In tro duction

A solid { in contrast to a 
uid { is characterizedby mechanical stabilit y that implies

a �nite resistanceto shear deformation. It is well establishedthat such stabilit y

can originate from long-rangecrystalline order that emergesat a 
uid-crystal phase

transition. On the other hand, there is no general agreement on the mechanism

for how mechanical stabilit y arisesfor a disorderedsolid. Disorderedor amorphous

materials encompasssystemsas diverseas molecular and colloidal glasses,gels,and

granular packings. For granular systems,it is known that the elasticmoduli of stable

granular packings increasefaster with pressurethan expectedfrom e�ective medium

theories that take only the individual particle contact into account [God90]; thus

collective e�ects play an important role close to the limit of mechanical stabilit y

[MGJS04,SRS+ 05].

A particularly striking aspect of the limit of mechanicalstabilit y wasdiscoveredre-

cently in computersimulations [SEG+ 02, OLLN02, OSLN03]: For increasingdensity,

the number of contacts per particle, (Z), increasesdiscontinuously at the transition
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point from zeroto a �nite number and continuesto grow with the distancefrom the

critical point as a power law. A power-law exponent of 1/2 was identi�ed in these

studiesfor both two-dimensional,and three-dimensionalsimulations without friction;

a more recent simulation found a slightly higher exponent of 0.6 in three dimensions

[DTS05]. The initial simulations[SEG+ 02, OLLN02, OSLN03]also identi�ed scaling

laws for other quantities, such asthe pressureP. In particular, P is expectedto grow

above the jamming transition as (� � � c) , where = � � 1 in the simulations, and

� is the exponent for the interparticle potential. Related discontinuous transitions

followedby a square-root law areknown from scatteringexperiments in glass-forming

liquids [PBF+ 91, YN96, ABT + 03].

To date, testsof jamming havebeenbasedon simulations. It is then crucial to ap-

ply experimental tests to thesepredictions. In the following, we present experimental

data for coordination number (Z) and pressure(P) basedon a method that yields an

accuratedetermination of the transition point and identi�es the power laws in Z and

P for a two-dimensionalexperimental system. For frictionlessdisks, it is known that

in the isostatic limit for the packing, when the number of constraints on each disk

equalsthe number of unknown forces,the averageZ equals4. For frictional disks,

becauseof one extra constraint of torque balance,the averageZ is 3. Also known

from simulations is the power-law growth in P with increasingpacking fraction (� ).

Theseare quantitativ e predictions, which we test here and �nd the jamming point

for our system. By measuringboth P and Z, we can also obtain a sharper value of

the critical packing fraction, � c, for the onsetof jamming.

4.2 Exp erimen tal setup and metho ds

Figure 4.1a shows a schematic of the apparatus. We use a bidisperse mixture of

approximately 3000polymer photoelastic (birefringent) disks with diameter 0.74cm
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Figure 4.1: Schematic cross-sectionof biaxial cell experiment. Sample imagesof
highly jammed/compressedand almost unjammed states.

or 0.86cm. 20%of the disksare largeand 80%arethe smallersizeddisks. This is the

minimum possiblenumber ratio which avoids crystallization. The diskshave Young's

modulus of 4 MPa, and a static coe�cien t of friction of 0.85. The model granular

system is con�ned in a biaxial test cell which rests on a Plexiglas sheet [MB05].

The test cell is a rectangular enclosure42 cm � 42 cm in size, with two movable

walls, which are adjusted by stepper motors. The displacements of the walls can be

controlled very preciselyand the linear displacement stepsizeusedin this experiment

is 0.004cm; this is approximately .005D,whereD is the averagediameterof the disks.

The setup is horizontal and placed between crossedcircular polarizers and imaged

from above with a high resolution (8 MP) CCD color camera. The cameracaptures

roughly 1200disks in the center of the cell. The disks,when viewed through crossed

circular polarizers,enableus to visualize the stress�eld within each disk, as shown

in Figure 4.1

The experimental procedureinvolves quasi-static compressionor decompression
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of the system. For compression,the systemis initially in a stress-freestate, and for

decompression,the end state is a stress-freestate. The results for both protocols

are similar. In what follows we will show data mainly for decompression.Figure

4.1d shows the state of the systemat the beginningof decompressionphase;a highly

stressedand jammed state. Figure 4.1eshows the state of the system towards the

endof decompressionphasewhenthe systemis almost unjammedand hasvery small

amount of stress.

The procedurefor data taking from an initially compressedstate beginsby com-

pressingthe systemby 1.6 % from an originally stress-freestate. We decompressthe

systemby simultaneouslymoving the two walls outwards by a uniform stepsof 0.004

cm. After each step, tapping is applied to relax stressin the system. Two images

are captured at each decompressionstate; onewith polarizer and onewithout. The

imagewith polarizersgivesstressinformation and the onewithout polarizersis used

to locate disk centers using standard image processingmethods. This quasi-static

step-wisedecompressionis continued until the systemis stress-free.

An important issueis the determination of contacts. Previousstudieshavemainly

usedthe particle overlapcriterion to determinecontacts. In numericalstudies,overlap

beyond a threshold value also signi�es transmission of force through the contact.

In contrast, in experimental systems,�nding correct contacts basedon overlap or

euclideandistancecriterion is susceptibleto larger errors due to contributions from

falsepositive (Figure 4.1b, black square)aswell as falsenegative (Figure 4.1c,white

circle) contact assignment. The false positives occur when two particles with high

stressare neighbors but not exerting any forceon each other, whereasfalsenegatives

occur when the forcesthrough the contacts are so low that the intensity of light it

producesfalls closeto the limit of imaging sensitivity.

We overcomeboth issuesraisedabove and increasethe precisionof contact deter-

72



mination by employing a two step process.The �rst step involvesobtaining possible

contacts basedon the distancesbetween disk centers, and employing a threshold

(10%D) below which the disks are consideredto be in potential contact. This esti-

mate of contacts is signi�cantly improved by utilizing the photoelastic stressimages

at variousexposuretimes for each state, such that eventually most of the forcetrans-

mitting contacts can be seen. As seenin Figure 4.1b,c, the contacts through which

there is forcetransmission,appear assourcepoints for the stresspattern. This e�ect

can be quanti�ed by measuringthe intensity and the gradient squareof the intensity

(G2) around the contact [How99]. A true, forcebearingcontact can be distinguished

by employing appropriate thresholdsin intensity and in G2. The threshold in inten-

sity is useful in capturing contacts with very small forces,reducingerrorsdue to false

negatives,whereasthe threshold in G2 helpsin capturing contacts with larger forces

and reduceserrorsdue to falsepositive, sincethe G2 around a contact is signi�cantly

higher for a true forcebearing contact. The �nal error in averagecoordination num-

ber is around 2%. The errors are not the samefor every � ; they are about 3.5%

for very low � and about 1.5% at high � . The averagecoordination number can

be computed either by counting only the force bearing disks or by counting all the

disks including rattlers, which are disks without any contacts. The rattlers do not

contribute to the mechanical stabilit y of the system. We present data for both cases.

From a mechanical point of view, the pressureof the system is one of the most

important quantities for isotropically compressedsystems.Here,the pressureis com-

puted from the measuredcontact forces [MB05]; the Cauchy stress tensor � ij =

1
2V

P
(Fi xk + Fkx i )df , for each disk is computed �rst, whereV is the volume of the

disk. The trace of the tensor is found for each disk, which is then averagedover

the entire system to yield the pressure. Finally, � is calculated by measuringthe

total area of the disks and dividing it by the area of the con�ning box at each de-
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compressionstate. We perform two setsof experiments; onewith a relatively larger

rangein � (0.8390- 0.8650),and alsolarger step sizein � (0.016). The secondset of

experiments are doneat a �ner scale,oncethe jamming region is identi�ed from the

�rst set. In the secondset, we have a smaller rangeof � (.840745- .853312),and a

�ner step sizein � (0.000324).This allows us to determine the jamming point with

an unusually high precision.

4.3 Results
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Figure 4.2: Z vs � for a relatively larger rangeof � .

Figure 4.2 shows data for Z over a relatively broad range of � . The data for

Z (� ) indicate a signi�cant rise in Z at the jamming transition. The rise in Z is

clearly shows somerounding, and we discussbelow somelikely origins of this feature.

Figure 4.2 shows two curves; one with rattlers (red stars) and one without rattlers

(blue squares).At higher � , the variations of the curevesare similar. At lower � , the
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Figure 4.3: Pressurevs � for the larger rangein � .
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Figure 4.4: Z vs � at a �ner scalein � .
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Figure 4.5: Pressurevs � at a �ner scalein � .

behavior di�ers; the valuesof Z drops much lower for the casewith rattlers, and the

transition is somewhatlessapparent.

Figure 4.3 shows data for variation of Pressure(P) over a broad rangein � . P(� )

alsoshows a sharpchangein slope at a well de�ned � . The pressureis not identically

0 below jamming for the samereasonthat the jump in Z is not perfectly sharp.

Figure 4.4 shows the variation in Z with � over a narrow rangecloseto the jam-

ming point. Again, over a relatively narrow range,the distributions changedramati-

cally. We again considertwo cases;onewith rattlers excludedfrom the coordination

number calculation and the other in which they are included. The behavior is similar

to the long-rangecase.

From the casewhererattlers are excluded(blue squares)we observe a clear tran-

sition point at � c = 0:8422� :0005,wherethe coordination number is 3.04. Beyond

this � c, Z increasesas a power-law given by (Z � Zc) = b(� � � c)� . This is a clear
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Figure 4.7: Power-law �t for P vs � � � c.
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� c Without Rattlers With Rattlers
Zc � Zc �

0.84058 2:390� 0:135 0:5166� 0:064 1:198� 0:310 0:5024� 0:093
0.84075 2:512� 0:138 0:5472� 0:073 1:071� 0:359 0:4601� 0:090
0.84172 2:632� 0:151 0:4935� 0:077 0:9747� 0:458 0:3631� 0:083
0.84204 2:858� 0:127 0:5637� 0:086 1:183� 0:413 0:3665� 0:079
0.84236 2:916� 0:133 0:5555� 0:093 1:744� 0:298 0:445� 0:088
0.84269 3:003� 0:124 0:5627� 0:095 1:989� 0:267 0:4691� 0:092
0.84301 3:075� 0:12 0:5603� 0:095 2:28� 0:235 0:5245� 0:108

Table 4.1: A table showing power-law exponents, and critical coordination number
obtained as �tting parameters,at various critical packing fractions.

signatureof jamming in the system. The curve with rattlers included hasmuch lower

coordination numbers, and the transition-lik e behavior is smearedout, although the

power-law increasein Z with � is still evident. Due to rounding of the curve around

the proposed� c, it is likely that the exact value of the critical packing fraction could

be in a range from 0.84 to 0.843. The nature of the growth of Z depends on the

choiceof � c, as we demonstratebelow.

We now focus more closelyon the regimevery closeto and just above jamming,

with an eye towards testing recent predictions for the critical exponents. Figure 4.6

shows the variation of Z � ZC , above jamming on a �ne scale.The actual power-law

increasein both instancesare alsoshown in Figure 4.6 as solid lines. The �ts to the

experimental data are good. As mentioned previously, the power-law exponents can

be di�erent for di�erent � c. In order to examinethis variation, we examinea range

of values for � c and obtain the exponents to the power-law �ts, as shown in Table

4.1. Here, � c is selected,and Zc, and � are the �tting parameters. It can be seen

that the exponent rangesfrom 0.51to 0.56,and Zc rangesfrom 2.39to 3.075,for the

casewithout rattlers. For the casewith rattlers, the exponents show more variation

(0.36 - 0.52), and the errors in Zc are larger. The valuesof the power-law exponents

for the casewithout rattlers are roughly betweenthe valuespredicted by Silbert et

al., and O'Hern et al. (� = 0:5), and Donev et al. (� = 0:6). Both of thesesets
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of simulations apply to frictionless particles. By contrast, for frictional disks under

shear, Aharonov and Sparks obtain the much lower value, � = 0:36. However, a

direct comparisonis not possibleto the caseof jamming under isotropic conditions.
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Figure 4.8: Forcevs. deformation curve for a singledisk: Hertzian �t.

Figure 4.7showsthe variation of pressurewith packing fraction. A cleartransition

is again observed when the packing fraction is at � c = 0:8422� :0005. The pressure

increaseswith an exponent of  = 1:1, slightly greater than 1.0 beyond the critical

packing fraction, a feature observed in all of the numerical studiesmentioned above.

The value of  that we measureis very closeto what one might expect from the

predictions of [SEG+ 02, OLLN02], assumingthat our disks are ideal. In that case,

linear elasticity predicts a contact force potential that is nearly harmonic, i.e. such

that the potential varies quadratically in the disk compression,and � = 2, hence

 = � � 1 ' 1. However, a careful calibration of the potential for our disks indicate

an � that is slightly greater than 1.0. We believe that this occurs becauseinitially ,

79



Figure 4.9: Forcevs. deformation curve for a singledisk: Linear �t.

as two particles are pushed together, there is deformation of the asperities on the

surfacesof the particles, which behave like Hertzian contacts. The force law then

becomesmorelinear for somewhatlarger compressions,oncethe asperities have been

larger \
attened".

This issuebecomesclear from Figure 4.8 and Figure 4.9. Figure 4.8 shows for

a single disk under compression,the variation of the force with compression. The

forcesaremeasuredwith a digital forcegaugewith a resolutionof 0.001Newtons. The

deformation is measuredby a micrometerwith a resolutionof 2:45� 10� 5 metersThe

curve can be �t very well by a Hertzian force law of the type F = a0 + b� 
 , where


 = 3
2 for a Hertzian solid. The actual exponent we obtain is 1:54 � :04. This

calibration covers the full range of forces(0 N - 1 N) reasonablefor our disks. In

practice, all our measurements are performedby imaging. The nonlinear responseof

the cameraand the nature of birefringent material is such that a recognizableoptical
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intensity signalbeginsonly beyond 0.010N. If we then restrict our force-deformation

�t to forcesgreater than 0.010N, then we get a reasonablelinear �t to the curve.

This would be in line with the precedingobservation about the valueof  beingclose

to 1.

The value of the critical packing fraction obtained from the pressureis very close

to the one obtained from Z vs � curve. This result clearly is consistent with a

simultaneoustransition in both Z and P occursat a critical packing fraction.

We now turn to the rounding that we observe, particularly in Z quite closeto the

transition.

Oneof the causesfor this rounding is friction betweenthe disksand the Plexiglas

base,which prevents small fragments of force chains to persist and retain a small

amount of stress.Moreover, the motion of the walls inducesa small amount of shear,

which retains a small amount of stressnear the jamming point. The samecausealso

producesanisotropy in stressand contact network beforea systemis fully jammed;

indications of theseanisotropiescan be seenin Figure 4.1e. Moreover in this region

the grains in the packing are still undergoingsubstantial rearrangements, and hence

strictly speakingare not jammed.

We concludeby noting that theseexperiments, the �rst of which we are aware,

demonstratethe novel nature of jamming transition. Theseresults take advantage

of the high resolution in contact number that is a�orded when the particles are

photoelastic. They show, modulo somerounding in Z , the predicted jump in the

mean particle coordination number, Z at a � c = 0:8422for both Z and P. Above

� c, Z and P follow power laws in � � � c with respective exponents of 0.56 and 1.1,

which are reasonablyconsistent with recent predictions for frictionless particles. The

e�ects of friction are likely to be modest, basedon recent results[MB05] which show

that the mean frictional force is only about 10% of the normal force for isotropic
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compression.We observe somerounding, which may be attributed to two sources:1)

small residual friction with the baseon which the particles rest, and 2) small residual

shearstressesthat are inducedby preparation history. The abilit y of a small amount

of shearto a�ect the jamming transition is interesting, and points to the needfor a

deeper understandingof failure under non-isotropic conditions.
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Chapter 5

Plastic deformation in sheared systems

In this chapter we will investigateshearedsystemsfrom the point of view of plasticity

of the system. A denseshearedgranular systemjams and unjams repeatedly under

shear. For each sequenceof jammed states, the stressand the energyin the system

increases,and for every unjamming event, the systemrearranges,andyields, resulting

in a drop in the stressand the energyof the system. At the macro-scale,this behavior

is sometimesseenas stick-slip behavior similar to that found in frictional properties

of other systems. We seesuch rise and fall of stressin a simple situation like solid-

on-solid friction [Per98], and also in highly complex systemslike earthquake faults

[MRS90,AHT00] .

Here we investigate the evolution of shearedsystems. We measureboth, the

displacements of the particlesand the forceson the particles to study how the system

evolvesunder continuedquasistaticshear. We hope to gain a better understandingof

the macro-scalebehavior of the systemfrom grain-scalemeasurements. In particular,

we study the stress-strain,or the energy-strainbehavior of the systemto understand

the dissipative properties of the system. The stressmeasurements are augmented

by tracking particle locations, and measuringthe particle displacement pro�les to

understandparticle motions during elastic segments, and plastic failure events.

The grain-scalemechanism of such a complicated macro-scalebehavior is quite

simplesounding. When a systemis under shear,and a contact network is established,

the contacting grainscarry loadsuntil they no longersatisfy forceand torque balance.

At this point, the grains slip against each other and rearrangeso as to conform to

the next mechanically stablearrangement. The processof slipping causesirreversible
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energyloss,if the grainsarefrictional, andalsoirreversibleor non-a�ne displacement.

Non-a�ne displacement refers to the portion of the total displacement of the grain

which is over and above that dictated by the boundary displacements. It is the

non-elastic,or non-reversible,or non-a�ne displacement.

The crucial issue here is the meso-scaledynamics, or the e�ects of collective

motion of small groups of grains. It is the collective behavior of such irreversibly

rearranging groupsof particles, which give rise to the macro-scaleproperties of the

system. Recently, there have several interesting theoretical approachesput forward,

which explicitly take account of irreversibledeformationof groupsof particles [FL98,

TWLB02, ML04b, ML04a, AHT00].

Onesuch approach is the ShearTransformationZone(STZ) theory [Arg01, FL98],

which imposestransformation rules for the local rearrangement of a group of grains,

and studies the global e�ects of such transformations. Other approaches are more

directly numerical [TWLB02], where di�erent quantities are used to de�ne the ir-

reversible part of the deformation and the pattern of the non-a�ne displacement

throughout the systemis studied. Theseapproacheshave begun to shedmore light

on someof the intriguing phenomenaexhibited by shearedgranular systems,like the

formation of shear bands, shear localization, and plastic failure events in granular

systems.

In the rest of the chapter, we begin by brie
y describingsomeof the theoretical

ideasbehind the STZ theory, and other related works. We then brie
y describe our

experimental procedure,and present our results.

5.0.1 Theoretical approac hes

We will cover a few recent numerical, and theoretical studies, which deal with the

role of non-a�ne displacements in shearedamorphoussystems.We will in particular
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describe the STZ theory, and brie
y mention numerical simulations by Tanguy et al.

The ideasbehind the STZ theory cameabout from simulations on metallic glasses

[Arg01, Arg82, AS04], and experiments on soapbubble rafts [AK78, AS82]. These

works revealedthat the smallestscaleor \atomic scale"motions during plastic shear

were con�ned to a cluster of particles few particle diameter in length. Theseresults

led Argon to put forward a mean �eld theory of the transitions localized in space

termed as the \Shear Transformation Zones" (STZs), where each such STZ was a

unit of plastic deformation. Falk and Langer later found the mean �eld equations

of motion for the number density of STZs, which were found to be applicable to

strain hardeningin metallic glasses[FL98]. Such an approach may not be limited to

metallic glasses,but couldbepotentially usefulin many amorphoussystemsincluding

granular systems[ML04a]

Figure 5.1: Schematic diagram of the ShearTransformation Zone.

Figure 5.1 shows a unit of STZ. Considerthis group of four particles in an initial

state (left). A two-statetransformation rule bringsfarther particlescloser,andpushes

nearer particles farther apart, while still maintaining this group as a local cluster

(right). This is a simple example of a local, irreversible transformation zone. A

number of such STZsaredistributed throughout the system,but the STZsthemselves

do not di�use in the system. A key ingredient of the STZ, and related models is

to describe global plastic deformations in terms of these local units of irreversible
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deformations.

Recently Maloney and Lemaitre have extendedtheseideasto include interacting

STZs, and studied plasticity in amorphoussystemsusing athermal quasi-static sim-

ulations (AQS). The main idea behind this simulation is to apply alternate stepsof

elastic deformation with energyrelaxation, which keepsthe systemin a local energy

minimum [ML04b].

Figure 5.2: Stress-strainbehavior and elastic moduli, from [ML04b].

Their detailed study of the onset of plastic failure, reveals several interesting

featuresassociated with plasticity in shearedamorphoussystems.They have found

that macroscopicstressand energy
uctuations ariseasa seriesof reversiblebranches

of the stress-straincurve, interrupted by irreversible events. The elastic moduli of

the system diverge at these transition points. These observations are captured in

Figure 5.2, taken from [ML04b]

A secondset of observations deal with the spatial pro�les of the non-a�ne dis-
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Figure 5.3: Non-a�ne displacement at the onset of plastic failure. (from [ML04b,
ML04a]).

placement �eld, and the energy changesin the system. It was found that at the

onset of a plastic failure event, the non-a�ne displacement �eld, and the energy

changesshow quadrupolar alignment, as can be seenin Figure 5.3 (modi�ed from

[ML04b, ML04a])

Figure 5.4: Non-a�ne displacement of shearedsystem. (from [TWLB02]).

Studiesof shearedamorphoussystemsby Tanguy et al. [TWLB02] show similar

interesting results. Theseare numerical simulations of a largenumber of disk-shaped

two dimensional particles with Lennard-Jonesinteraction potentials. They �nd a

breakdown of continuum elasticity below a characteristic length-scaleof approxi-

mately 30 molecules. The studies also �nd that the non-a�ne displacement �eld
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shows correlated, vortex patterns, also with a correlation length of 30 molecules,as

seenin Figure 5.4.

A similar study of plasticity in uniaxially compressedgranular systemby �Astr•om

et al. [AHT00] in the context of earthquake fault zonesreveals that the displace-

ment pattern of grains fall in distinct zones;in the upper and lower part the grains

move homogeneously, whereastwo narrow shearbandsappear, wherethe grainsare

rotating. The authors term thesegroupsof rotating particles \roller bearings".

These theoretical and numerical studies have opened up a way to understand

macroscopicplastic behavior using \atomic-scale" properties. Another appealing

feature of these studies is that they have experimentally testable predictions. In

our case,with the help of our biaxial test apparatus, we can create a variety of

preciseloading conditions, and combined with the grain-scaleposition, and contact

force measurements, we can test someof these predictions concerning irreversible

deformationsin shearedgranular systems.

5.1 Exp erimen tal pro cedure

The experimental setup for this experiment is much like the previous experiments.

We use a biaxial test apparatus to apply pure shear to the system, and image the

systemfrom above with a high resolution (8 MP) color CCD camera.

As in earlierexperiments, weusea bi-dispersemixture of approximately 8 mm and

9 mm photoelasticdisks. The fraction of smallerdisksis 80 % and thoseof the larger

disks is 20 %. The total number of disks is 3000. The material parametersof the

disks are exactly as before. The imaging resolution is such that 1 pixel corresponds

to .0001 meters. In other words, each disk is imaged within a window of roughly

80� 80 pixels. As shown in Figure 5.5, the setup is placedhorizontally, and imaged

from above, through crossedcircular polarizers. Two of the walls of the biax are
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Figure 5.5: Experimental setup (top) and schematic illustration of application of
pure shear(bottom).

moved as shown in Figure 5.5 (bottom), to apply pure shear. The initial box sizeis

roughly 40 cm � 40 cm, and the strain is measuredas:

Str ain = � =
j � L j

L
(5.1)

The experimental procedure is brie
y summarized in the following. We start

from a stress-freestate in which the disks are randomly placed,so as to ensurethat

there is no global or large-scalecrystallization. Incremental, quasistatic deformation

is applied to the systemby moving one of the walls inwards, and the perpendicular

wall outward by the sameamount. The linear distanceper step � L � 0:05D, where

D is the averagediameter of the disk. The strain step in theseexperiments is always

0.0012.

The state of the systemis imagedat every shearstep after a strain of about 8 %.

Two imagesare captured; onewith polarizers,and the other without polarizers. The
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polarizedimagegivesstressinformation and the unpolarized imageis usedto obtain

disk centers. The imagescpatured are RGB imagesof size3264� 2448pixels. At

the resolution per disk mentioned above, we can capture roughly 1300disks around

the center of the biax; slightly lessthan 50% of the disks. This allows us to obtain

information about most of the bulk system,and leaving out the boundariesto avoid

boundary e�ects.

The di�erence in this experiment comparedto our previous experiments is the

application of shearin forward and reversedirection. One of the goalsof this study

is to understand the energydissipation of the system;cyclic loading and unloading

is traditionally usedto extract any hysteretic featuresin the system. In the present

study, we restrict our protocol to onecycle.

Figure 5.6 shows six stagesin each forward and reverseportion of the shearcycle.

Each image is 3264� 2448pixels in size,which corresponds to 32 cm � 25 cm. On

the top left is the image of the system at a shear strain of 8 %, where we begin

imaging. The last image in the secondrow is at the end of forward shearportion

where the strain is 11.2 %. The direction of the shear is reversedafter this point,

and the system is brought back to its sameshape and size in the samenumber of

deformation steps. The �rst image in the third row is the �rst reverseshearstep.

The rightmost imagein the last row is at the end of the reverseshearportion of the

shearcycle,wherethe strain is 0.08.

Our approach for analyzing thesedata is as follows:

� From the unpolarized imagesof the entire cycle, �nd disk centers

� Usethe disk centers to track each disk throughout the cycle

� Use the stressimagesto determine forceson the disks by methods previously

described
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Figure 5.6: Stressimagesfor onecycle of shear. Each imageis 3264� 2448pixels,
which corresponds to 32 cm � 25 cm in size.
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� track positional and stresschangesfor each disk throughout the shearcycle

The positional changeswill give us information about the collective motion of the

disks during elastic segments, and at the plastic failure event. The force measure-

ments, which in turn give us the stressesand energiesof the disks, inform us about

the energychangesin the system.

The forcesin the systemare determinedin two separateways. Onemethod is the

empirical approach using the gradient square(G2) technique described in Chapter 2.

The averagegradient squareover a disk givesus an estimateof the magnitude of the

forceon that disk. From prior calibration it is known that G2 is linearly proportional

to the force, and can be used to estimate the averageforce. The averageover the

entire image,i.e. all the disks in the image,givesus the averagestressin the system.

The secondmethod is the more exact method of �nding contact forcesat each

contact of each disk in an imageby the inverseproblem solution method described in

Chapter 3. It givesus the exact Cauchy stresstensor for each disk. The trace of this

tensor givesus the averagepressureon a disk, which when averagedover the entire

image,givesus the averagepressureover the system.

5.2 Results

We begin the results by describing the qualitativ e features seenin Figure 5.6. In

the �rst image in the �rst row, one can observe a well developed stressstate with

long force-chains roughly alongthe principal strain direction. There are smallerside-

chains with weaker forces,which may act as a backbone structure supporting the

strong force-chains. Betweeneach successive image, the strain increasesby 0.0072.

The secondrow of imagesare towards the middle and end of the forward shear

portion. The rightmost image in the secondlayer is the last step in the forward
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shear,wherethe strain is roughly 11.2%.There is a visible increasein stressnot only

along the long force-chains previously established,but alsoalong the sidechains.

The direction of the shear is reversedfrom this point on. In exactly the same

number of deformation steps, the system is returned to its initial shape and size

starting from the top left image. The leftmost image in the third row shows the

stress state after the �rst reverse step. Again, the successive imageshave strain

di�erence of .0072. The rightmost image in the fourth row shows the state of the

system when the system returns to the samesize as that when we began imaging

the system. As can be seenfrom the image,the stressis much lower than the initial

state, and the direction of the strongest force-chains is roughly vertical. This state

of stressis clearly not the sameas the very �rst image,either in magnitude of stress

or the direction of strong force-chains. This points to large overall rearrangement

of the disks, and \dissipation" of stress, though from the stress images,only the

reduction in stresscan be readily observed. In the following sectionwe will present

more quantitativ e results on the variations in stresswith increasingshear.

5.2.1 Stress and energy changes

As described in the previous section, we measurestress from photoelastic images

by two di�erent methods. We will �rst present the results obtained by employing

the empirical G2 technique. The principal advantages of this method are easeof

implementation, and relatively smallercomputational time. At the sametime, when

combined with a rigorous calibration betweenthe applied force on the disk and the

G2 averagedover the disk, the method is very accuratein estimating the amount of

force or the averagepressureon the disk.

Traditionally, the stress-strainbehavior of any material is of fundamental signif-

icanceto ascertainthe constitutive behavior of the system,which in most casescan
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Figure 5.7: Experimental stress-straincurve for forward and reverseshearusing the
G2 technique.

not be derived from �rst principles. Figure 5.7 shows the stress-straincurve for the

entire cycle of forward and reverseshear. The most striking feature of this curve is

its hysteretic nature, which con�rms the drop in stressduring the reverseshearphase

quantitativ ely.

The secondaspect of importance is the nature of variation of each branch of the

curve. Consider the upper curve for the forward shear. It can be observed that

there segments during which the stressincreaseslinearly. Theseare segments during

which the systembehaveslike an elastic solid. During theselinear, elastic segments,

all the shearstressimposedon the system is borne by the pre-existing network of

force-chains.

The elastic portions are interrupted by sudden drops in stresswithin a single

strain step. Theseevents are plastic events wherethe systemcan no longer support
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the additional shearstressimposedon it, while still retaining its mechanical stabilit y.

The systemrespondsby rearrangingthe particlessuch that a newmechanically stable

con�guration is achieved, and the stresson the systemis reduced. This is achieved

with the help of not only individual grain-scalemotions, but also a more correlated

collective motion of the grains. The magnitudesof stressdrops vary, depending on

the exact stressstate of the system. Stressdropsof both small and largemagnitudes

can be observed.
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Figure 5.8: Experimental energy-straincurve for forward and reverseshearusing
the G2 technique.

The elastic and plastic regionsof the material behavior can be seenmore clearly

in the energy-straincurve. The energyis obtainedasthe average(G2)2. The dropsin

stressesare of larger magnitudes. The total areainside the hysteretic loop represents

the energylossof the system.

Weturn next to a similar analysisof the stress-strainbehavior, but this time using

the vector contact force measurement technique described in this thesis. Figure 5.9
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Figure 5.9: Experimental stress-straincurve for forward and reverseshearobtained
using the forcecomponents measurement technique (top). The samecurve using the
G2 technique, shown for comparison(bottom).
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(top) shows the stress-strainbehavior over the entire cycle. The plot is remarkably

similar to Figure 5.7,which is reproducedin Figure 5.9(bottom), for comparison.We

can observe similar features in both plots. There are elastic segments, and plastic

failure events, with the trends of both curves being almost the same, though one

can also observe minor di�erences. This kind of stick-slip behavior is seenin many

systemsas discussedearlier. It is well known in solid friction studies. In granular

systems,besidesthe overall stick-slip behavior, there are many intriguing aspects

associated with motion of grains under shear. We next examinethe e�ects of shear

on displacements of the grains.

5.2.2 Particle displacemen ts

Particle displacements o�er us further insight into the responseof the systemto pure

shear. We begin imaging the systemwhen there is 8% shearstrain already present.

We track subsequent development of the systemupon application of moreshear. One

aspect of this is the developement of shearbands in the system,which is a typical

occurencein shearedgranular systems.Also the grains within a shearband support

a small fraction of the applied load. Within our experimental operating parameters,

we can examinethe dynamicsof such shearbands.

Figure 5.10showsa striking pattern of displacements. The �gure is obtainedin the

following manner. First, the centers of disksare found for each strain step. The disks

in each of thesesetsareuniquely taggedto makethem identi�able. Then the locations

of the disk centers are comparedbetweena strain state and the previousstrain state,

which give the displacement for each disk. The meandisplacement is subtractedfrom

the displacement of the individual grain displacement. The resulting displacement

vectorsare scaledand plotted asa vector �eld. The red arrows are placedfor easeof

visualization. Each image is roughly 30 cm � 23 cm in size;a smaller sizethan the
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Figure 5.10: Particle displacements: forward shear(left column), and reverseshear
(right column).
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stressimages,becausethe boundary layers have beendiscarded.

Let us walk through thesesix displacement vector �eld plots. Figure 5.10hastwo

columns,left and right. The threeplots in the left columnshow the displacement �eld

at three di�erent strains during the forward shearphase,and the onesin the right

column for the reverseshearphase.The initial strain at the beginningof imaging is

� = :08.

Consider �rst the forward shearportion (left column). The �rst plot shows the

displacement �eld in an early elastic segment of the stress-straincurve. One can

immediately observe three distinct regionsof di�erent displacement patterns:

� region in the upper left part moving uniformly upwards at 45deg

� region in the lower right part moving uniformly downwards at � 45deg

� a central band of grains roughly along the diagonal,with a well-de�ned vortex

pattern

The diagonalband with vortices is the shearband in the system,roughly aligned

alongthe principal strain direction. The secondplot at � = 0:1052is the displacement

�eld after the largest plastic event captured in the stress-straincurve. The behavior

doesnot show any dramatic di�erences from the elastic region, though the width of

the band may be somewhatdi�erent. The third plot is the last step in the forward

shearportion. The displacement pattern is still the samewith three distinct regions,

but the shearband is signi�cantly narrower. At each strain stepsomerearrangement

of the actual vortex pattern within the band is always evident. The location of the

band alsoshifts somewhatduring the forward cycle.

Perhapsthe most dramatic event of the entire sequenceof forward-reverseshear

occurswhenthe very �rst strain stepis taken in the reversedirection. The �rst image
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in the right column shows the event quite clearly. The entire three-regiondisplace-

ment pattern is destroyed within a strain step of .0012. Not only the homogeneous

displacement in the cornersis destroyed but the shearband and the vortex motion

of the grains is alsodestroyed. The pattern in the previousstep is replacedby a pat-

tern that looks more quadrupolar in nature. The motion of grains in all four corners

is along di�erent directions, with minimal displacement in the central region of the

image. This changein the displacement pattern could be due to suddenchangein

the principal strain direction being imposedon a pre-existingdirection, or it could be

due to plastic events taking place over the entire systemas opposedto local failure

events due to grain slipping. A noteworthy point is that the stressdoesnot show a

large drop at the shearreversal point (Figure 5.9).

The secondplot in the reverseshearphaseat � = 0:0968showsthe development of

a 
o w similar to the three-region
o w of forward shearphase.The three-region
o w

pattern in reversedirection is establishedonly after four or �v e strain steps. Until

then, a transient pattern with remnants of quadrupolar pattern exists. Although the

two corner regionsshow homogeneousdisplacement, the vortices in the diagonalare

not as well-de�ned as in the forward shearcase.

The third plot is at the endof the reverseshearphase,whenthe systemreturns to

the shapeandsizeit hadasthe �rst plot in the forward shearphase( � = 0:0848). The

displacement pattern is similar to the forwad 
o w, but with the directions reversed.

Also noticeableis the formation of vortices along the diagonal. The vortex pattern

is not as fully developed as the forward shearcase,but the shearband is distinctly

present, and so are the two elastic displacement regionsin the corners.

Thus, the reversal of shearhas a dramatic e�ect of eliminating the 
o w pattern

in the system,including the elimination of the vortex pattern in the shearband. A

shearband doesbegin to develop in the reverse
o w but only after a relatively long
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transient.

In thesedisplacement plots, we have shown only one type of displacement; with

the mean displacement subtracted. There are other measuresto characterizenon-

a�ne displacements, which could yield somewhatdi�erent displacement patterns.

Nevertheless,a comparisonwith the theoretical and numerical works cited earlier

may not be completely out of place. All of thesestudies show examplesof vortices

in the non-a�ne displacement pattern. The boundary condition in thesestudies is

simple shear,whereasin our experiments we apply pure shear. This could account

for the di�erences in the location and distribution of the vortices, primarily due to

di�erent principal strain directions.

5.2.3 Energy 
uctuations

Finally weturn our attention to energy
uctuations. Recallthat accordingto [ML04b,

ML04a], at the plastic failure event, the energy
uctuations show a quadrupolar pat-

tern. In actuality, this pattern is observable whena failure event is studied at a �ner

scaleand singledrop resolvesinto a cascadeof smallerenergydrops. Experimentally

this would amount to observingthe processalmost dynamically with an extremely

high resolution in strain steps. Currently this is beyond the scopeof any experiments.

Instead, we examinewhat happensto the energy
uctuation patterns in our system,

at the plastic failure event of largestmagnitude. This shouldgive us someindication

of the spatial distribution of energy
uctuations.

Figure 5.11shows the energy
uctuations after the largestplastic failure event, as

decidedby the magnitudeof the stressdrop in the stress-staincurve. It is a di�erence

imageof the averageenergyof the disks at two strain steps. The bright regionsare

negative changes,and the dark regionsare positive changes.There is somepattern

of energy 
uctuations and a hint of quadrupolar structure, but it is not de�nitiv e.
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Figure 5.11: Energy 
uctuations at the largest plastic failure event.

However, at this resolution in strain steps,we may not be able to capture the e�ect.

5.3 Conclusions

We have conducteda cyclic shearexperiment in order to understand the response

of the systemto shearin terms of stress-strainrelation, energydissipation, and the

grain-scaleand collective motion of the particles.

We have found several interesting properties in our study.

� The stress-straincurveobtainedusingboth the G2 method, and the vector force

measurement method, show very similar trends. Each haselasticsegments with

linear growth in stressinterrupted intermittently by drops in stress,typical of

stick-slip type of motion.
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� The stress-straincurve hasa clear hysteretic nature, signifying energydissipa-

tion.

� The energy
uctuations after a plastic event have spatial patterns which may

be quadrupolar

� The particle displacement pro�les for the forward shear phaseshow a three-

region pattern; elastic motion in two corners,and vortex motion in the shear

band diagonally acrossthe system.

� This pattern is destroyed completely upon reversing the sheardirection. The

resulting displacement hasquadrupolar nature. A pro�le similar to the forward

shearis establishedtowards the end of reversecycle.

Theseobservations, to our knowledge,are the �rst experimental measurements of

macroscopicproperties of shearedgranular systems,from grain-scaleforce measure-

ments. Combined with grain-scaledisplacement measurements, these observations

allow us to study a number of important propertiesof shearedgranular systems,and

the nature of plastic deformationsin amorphous,athermal systems.
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Chapter 6

Conclusions and future directions

In this thesis, we have experimentally studied the behavior of 2D granular systems

under a variety of conditions. We beganour journey by outlining the needfor study-

ing granular systemsunder di�erent boundary conditions. We then arguedfor a need

to experimentally obtain grain-scalecontact forces,and proposeda novel method of

measuringboth the normal and tangential forces. We demonstratedsuccessfulim-

plementation of the method. We then proceededto apply this method to study the

distribution of forces,the structure of forcechainsandcorrelationsbetweenthem. We

beganby studying isotropically compressed,and pure shearedsystems.Wefound sig-

ni�can t di�erences in the force-chain networks and the distribution of normal forces.

We alsodeviseda new measureto quantify force chains.

Our next set of experiments dealt with isotropically compressedand shearedsys-

tems separately. We studied the issueof jamming transition in isotropically com-

pressedsystem. We found the jamming point for our system and a discontinuous

transition in the averagecoordination number and the pressureat the jamming point.

We also studied shearedsystemsfrom the point of view of plastic deformation, and

the evolution of the systemunder cyclic shear. In particular, we studied the stress-

strain behavior of the system,and the motion of individual grains. We found that

the stress-strainbehavior is hysteretic, signifying energydissipation. We also found

vortex patterns in the motion of grains.

We brie
y summarizethe main results from each experiment below, and present

a few ideasabout the next stageof development in experimental methods, and some

open questionsthat needto be studied in future.
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6.1 Summary of results

6.1.1 Exp erimen tal metho d

We begin by summarizing experimental methods not only becausethey are novel

but alsobecausethey represent a signi�cant step forward in terms of the detail with

which we can study granular systems. Although restricted to two dimensions,we

have been able to measure,for the �rst time to our knowledge, the normal and

the tangential forcesin bulk granular systems. We can accomplishthis task in an

automated fashionwith good accuracyon a large number of grains (� 1000grains).

We have made use of birefringent disks, which allow us to visualize stressesin the

system. The measurement of contact forcesis accomplishedin a least-squaressense

by �tting the planeelasticity model to the observed intensity pro�le within each disk.

In order to be able to study the responseof granular systemsto di�erent kinds of

boundary loads,we needto have an experimental setup that can imposea variety of

boundary conditions precisely, and repeatedly. We built a biaxial test apparatus to

accomplishthis. It is a simple enclosurewith four walls, two of which can be moved

independently and precisely. By moving the walls appropriately, we can createstates

with uniaxial compression,isotropic compression,and pure shear. We usethis setup

in all our subsequent experiments.

6.1.2 Distribution of contact forces in gran ular systems

In chapter 3 we study two kinds of systems, isotropically compressedand pure

sheared. We apply our method of �nding grain-scalecontact forces, and obtain

the distributions of the normal and the tangential components, for both kinds of sys-

tems. We �nd that the tangential forcesare much smaller in magnitudeascompared

to the normal forces,and their distributions for both isotropically compressedand
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shearedsystemsfall o� exponentially . In contrast, the distributions of normal forces

show signi�cant di�erences. The distributions of normal forcesfor shearedsystems

have an exponential tail, whereasfor isotropically compressedsystemsthey fall o�

faster than an exponential. We then characterizedthe spatial organization of force-

chain network in each case. We found that shearedsystemshave long force chains

roughly in the principal stressdirection. We characterizedthis spatial distribution of

forcechainsby two-dimensionalspatial correlation of magnitudesof forces,and found

that shearedsystemshave long-rangealmost power-law like correlation in force-chain

direction. This is a novel measurethat quanti�es the qualitativ e idea of force-chains.

6.1.3 Jamming in isotropically compressed systems

In chapter 4 we study the jamming behavior in isotropically compressedsystems.

We start with a stress-freesystem,and �nd the packing fraction at which the system

jams. We �nd the packing fraction at which the system jams (� c � 0:8422). We

also �nd a signi�cant rise in the averagecoordination number of the systemas the

systemgoes through the jamming transition (Zc = 3:04). The variation of Z � Zc

shows a power-law increasebeyond the jamming point. The exponent of the power-

law is around 0.56. We also measurethe contact forcesin the system,and �nd the

mean pressure. As the system jams, the pressurealso shows a clear transition at

� � 0:8422. The pressurealso shows a power-law increaseas a function of � � � c,

with an exponent of 1.1, a value closeto that predicted by simulations.

6.1.4 Plastic deformations in sheared systems

In chapter 5 we examineshearedsystemsfrom the point of view of plastic deforma-

tion. We measuregrain-locations, and employ particle tracking to study the motion

of grains. We also measurecontact forcesto obtain the stress-strainbehavior of the
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system. Using the measuredcontact forces,we compute the energyof the systemat

every deformation state and �nd the energychangesin the system. The stress-strain

curve for the entire cycleof forward and reverseshearclearly shows a hysteresisloop.

The stress-straincurve has elastic segments of linearly increasingstressinterrupted

by drops in stress,signifying plastic failure events. The displacement pro�le of the

particles alsoshows interesting features. The displacement during the forward shear

portion has two homogeneouslymoving regions in the upper-left, and lower-right

cornersof the image, and diagonally acrossthe image we can seewell-formed vor-

tices. This pattern is abruptly destroyed upon reversing the shear,and the pro�le

looks more quadratic. These observations are qualitativ ely similar to somerecent

numerical, and theoretical studies.

6.2 Future directions

We have madea beginningin studying granular systemsat the grain-scale.Although

we have been able to �nd somenew results, and an improved understanding of a

small number of issues,the task has just begun. Many more questionsremain to

be answered, and can be answered using the techniques developed in this thesis.

Progresscan be madeon two fronts; on the onehand, each of the systemsdescribed,

can be studied in further detail by exploring aspects that have not beenanalyzed,

and on the other hand, experimental techniquescanbe improved even further, which

in turn will bring more questionsthat can be investigated within reach. We will

outline somedirections regardingboth issues,which are feasiblein near future.

6.2.1 Op en questions in gran ular physics

let us outline someoutstanding questions,and someavenuesthat have beenopening

up due to recent advancesin theoretical, numerical, and experimental progress:
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� The distributions of forcesfor sheared,and isotropically compressedstatesneed

to be investigated further. We needmore experimental data at the low-force

end to ascertainthe behavior of thesedistributions completely.

� Although we know that the distribution of contact forcesin isotropically com-

pressedsystemsfalls o� faster than an exponential, we do not know its exact

nature. Is it Gaussian?Or is it someother function? Does it depend on the

system size? How does the functional form of the distribution change with

compression?Thesearesomeof the questionsthat canbe answeredupon more

investigation.

� For both shearedand compressedsystems,quantitative characterization of the

force-chain networks has just begun. We need more study to ascertain the

changesin the force-chain networks due to increasingcompression,and shear.

For examplemany quasi-static, and dynamic phenomenashow interesting for-

mation and break-up of force chains.

� A related themeis whether or not the force-chain networks can be modelledby

percolation models, or graph theoretic models. An experimental study of this

issueis being carried out by John Wambaugh, a fellow graduatestudent.

� The phenomenonof jamming is complicated. The inter-grain forces at the

jamming transition are quite low. As discussedearlier, this is the region that

needsmore attention and study, in order to get a clearerunderstandingof the

problem.

� The jamming behavior, in all likelihood, will turn out to bedi�erent for isotrop-

ically compressedand shearedsystems.A study of jamming transition similar

to the onepresented in this thesiscan be donefor the shearedsystems.
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� Our study of plastic deformation in shearedsystemshas revealedsomeinter-

esting features. More analysiscan reveal whether we cancapture units of shear

Transformation Zonesor not. Moreover, the correlation between plastic de-

formation, and shear-inducedanisotropy has yet to be studied. Probing these

issuescan help in improving our understandingof plastic failure events.

� A longstanding problem in granular systemsis the responseof the system to

small perturbations, or �nding the \Green's function" for the system. The

experimental setup, and the force measurement technique we have developed

can be used e�ectively to obtain such a responsefunction for both isotropic,

and anisotropic stressstates.

� returning to a generaltheme, all of our experiments have beenperformed on

very soft particles. We have not establishedhow doesparticle elasticity a�ect

any of the e�ects observed in our experiments. We can study thesee�ects by

using harder particles, which are also closer to many numerical simulations,

and theoretical studies.

6.2.2 Impro vements in exp erimen tal metho ds

The experimental improvements proposed here are based on the questions raised

above, and our experienceabout the limitations of the experimental approach out-

lined in this thesis. As mentioned in the previoussection,we may needto extendour

experiments to include harder particles. Also, the issueof low-force measurements

needsconsideration. Accurate measurements of low forcesrequiresa material with

more sensitive stress-opticresponse.

During the courseof experiments presented in this thesis,we have encountered an

issue,which somewhatlimits our scope of analyses,and wasmentioned in chapter 4.

At the very low-forceend,during compressionor shear,weencounter a very small but
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noticeableinduced-sheare�ect. When the grains are about to touch each other, the

packing fraction of the systemis low. In this regime,there are two e�ects of moving

the boundary walls of the biaxial test apparatus; one e�ect is meso-scalefrozen-in

stresses,and the other e�ect is a lag in the transmissionof the e�ects of moving a

boundary to the bulk sample. Both issuesare related and possibly have a common

cause.

The meso-scalefrozen-in stressesrefer to small fragments of force-chains, which

can not be removed by tapping or other mechanisms. This happensmost frequently

near the boundariesof the system, and could be due to locally enhancedpacking

fraction. It results in a slightly anisotropic stressstate.

The transmissionof the e�ects of moving a boundarydo not reach the bulk system

until a su�cien tly densepacking hasbeenreached. If we start from an initial stress-

freestate, someamount of compressiongoestowardscompactionof the system,which

again is most prominant at the boundaries,which in turn causessmall fragments of

force-chains locally.

One causecommonto both thesee�ects could be friction betweenthe disks and

the Plexiglas base,which although not high is not negligibly small. It is most no-

ticeable, and pertinent when the overall stressis the system is very low; precisely

the kinds of situations described above. In low packing fraction states when a wall

is moved, ideally the grains near the boundary should start moving and come to

rest only when they are stopped by collisionswith other grains, and so on for every

subsequent layer of grains. This would result in the e�ects wall-motion being carried

all the way to the bulk system. This does not happen in our experimental system

due to friction with the base.The grains near the wall move but stop beforecoming

in contact with any other grain.

We have planned for an improvement in the experimental setup, and a change
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in the material of our model granular system,which removes the above mentioned

problems all at once. In the next version of the experimental setup, we intend to

completely remove friction with the baseby levitating the disks on a substrate with

air cushion,much like an air-hockey table. This would be accomplishedby replacing

the Plexiglas basewith a porousboard and supplying pressurizedair through it. It

would ensurethat the grainsbehave exactly asdescribed in the ideal case,and would

remove problemsof frozen-in force-chain fragments, and transmissionof wall-motion

to the bulk system.

A fall out of changing the baseto a non-transparent material is that our current

method of transmissionphotoelasticity no longerworks. We needto switch to re
ec-

tion photoelasticity, wherepolarized light is re
ected o� of a material with metallic

backing, so that the samee�ect is accomplished,but with re
ected light. The disks

we will usewill have re
ectiv e backing, and the available material (Vishay Measure-

ments, PS-1) is stress-opticallyaround 15 times moresensitive, and 700times harder

than our present material. This new material is ideal for low-force measurements,

and is much closerto realistic hard grains.

Combining both these improvements would result in hard grains, with a high

stress-optic sensitivity, 
oating on a frictionless surface, a situation very close to

numerical simulations and theoretical models!

In conclusion,with the help of the improvements outlined above, combined with

the existing contact force measurement technique, future students could investigate

many of the open questionsposedearlier, and I wish them happy investigating!
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Chapter 7

APPENDIX

In this appendix, we sketch the relevant formulations of the elasticity theory needed

in order to obtain the solution for the stressesin a disk under concentrated loads.

We needto begin with two-dimensional(2D) elasticity theory, give the solution to

the half-plane problem and then proceedto give the solution to the disk problem.

In order to solve for the stressesor strains within a stationary elastic solid sub-

jected to boundary forces,several additional conditions needto be met:

� Condition of equilibrium: The boundary forcesand tractions must balanceeach

other, and the body must be in static equilibrium

� Constitutiv e relation: The relashionshipbetweenthe stressesand strains must

be known.

� Compatibilit y condition: The deformationsand strains must preserve the con-

tinuity of the solid.

For an elastic solid where either the stressesor the strains are negligible in the

third dimension,we have the so-calledplanestressand planestrain situation respec-

tively. The plane stresssituation is applicable to thin disk problem, whereasthe

plane strain approximation is more suitable for a long cylinder loadedaxially.

In two dimensions,the stresstensor hasthree independent components, � xx , � yy ,

and � xy . The completestresstensor is:

� =
�

� xx � xy

� yx � yy

�
: (7.1)
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The condition of equilibrium is given by:

8
<

:

@x � xx + @y � xy + Fx = 0

@x � xy + @y � yy + Fy = 0
(7.2)

Alongwith the equilibrium conditions, for a 2D linear elasticsolid, if there are no

body forceslike gravit y, the compatibilit y conditions for stressesare:

(@2
x + @2

y )( � xx + � yy) = 0 (7.3)

Theseequationsapply equally to planestressand planestrain problems,and they

do not contain any material constants. The solution of any 2D problem can now be

attempted by knowing the boundary loads.

G. B. Airy introduceda function stressfunction �( x; y), which identically satis�es

the equilibrium conditions. The stressfunction is related to the stressesas:

� xx = @2
y �

� yy = @2
x �

� xy = @x @y �

(7.4)

Substituting equation 7.4 in equation 7.3 yields:

@4�
@4x

+
@4�

@2x@2y
+

@4�
@4y

= 0 (7.5)

The Airy stress function satis�es the bi-harmonic equation, and is most com-

monly usedto solve a particular problem. There are very few problemsthat can be

solved by directly integrating the bi-harmonic equation. A more commonstrategy is

to make an educatedguessfor �, or usesymmetriesof the problem to �nd a stress
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function that will satisfy equation 7.5 and the boundary conditions; much like the

2D 
uid 
o w problems of 
o w around objects of complex geometricalshapes. An-

other approach usedoften is to start with partial solutions from a known and solved

problem, and adjust the solution for the boundary conditions under consideration.

This approach, for example,has beenusedrepeatedly, whenever the solution of the

half-plane problem can be usedas a starting guess.

There are direct methods though, of solving equation 7.5. One method is to try

polynomial solutions and �x the coe�cien ts so that the equation is satis�ed. The

other approach is to use Fourier series,and �nd the coe�cien ts in the seriesby

integration.

7.1 Half plane

Figure 7.1: Line load on a semi-in�nite half plane.

Consider a line force F acting on a semi-in�nite plane, as shown in Figure 7.1.

Consider an area element within the solid, at a distance r from the point of the

application of the force,and at an angle� from the direction of the application of the
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force. The Cartesiancoordinate systemis as shown.

For the caseof half plane, it is advantageousto solve the bi-harmonic equation

in polar coordinates. We assumethe solution to be � = cFr � sin� , where c is a

constant. This form of � satis�es the compatibilit y condition, and from equilibrium

equationswe have:

� r r =
2cF cos�

r
; � � � = 0; � r � = 0 (7.6)

The force acting on any volume element at a distance r must be equal to the

applied force. Therefore,the boundary conditions become:

� � � = 0; � r � = 0; � = �
�
2

(7.7)

2
Z �

2

0
(� r r cos� )r d� = � F (7.8)

Substituting equation 7.6 in the above equation, we get:

4cF
Z �

2

0
cos2 � d� = � F (7.9)

Integrating the equation gives c = � 1
� . Substituting the value of c in equation

7.6 givesfor the radial stress,

� r r = �
2F
�

cos�
r

(7.10)

The Cartesian components of the radial stressin the XY axesshown in Figure

7.1 are given by:
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� xx = �
2F
�

y3

(x2 + y2)2

� yy = �
2F
�

yx2

(x2 + y2)2

� xy = �
2F
�

y2x
(x2 + y2)2

(7.11)

This completesthe solution for a line load on a semi-in�nite plane. Two notewor-

thy points are:

� The contours of equal stressare circles with diameter d that have the X axis

asa tangent, and their centers are on the Y axis. The stresson thesecircles is

� r r = � 2F
� d .

� The direction of the application of the force doesnot have to be normal; the

angleto an areaelement is measuredwith respect to the direction of the force.

This property is usedin deriving the solution to the disk problem.

7.2 Solution to the disk problem

Considera disk with arbitrary number of forcesacting on it as shown in Figure 7.2,

each having arbitrary magnitude and arbitrary direction. This is the most general

casethat canbe constructedfor a 2D disk problem. The only condition on the forces

is that both components of forcesare balanced,and the torquesare balanced.

The disk problem again is no solved most fruitfully by direct methods but by

starting with a partial solution; in this casethe half plane solution outlined above.

Each force is consideredindependently, and the stress�eld due to each force is as-

sumedto beof the sameform asthe radial stressof the half planeproblem. It is clear
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Figure 7.2: Schematic diagram of a disk under concentrated loads.

that the disk problem has di�erent boundary conditions and di�erent symmetries,

thereforewe will needto adjust the solution soas to match all boundary conditions.

The key di�erence here is that the circumferenceof the disk is stress-freeexcept

at the points of application of forces. In the half plane problem, there was only one

force acting at one point and the boundary was 
at. Here there are several forces,

and the arc segments betweentheseload points are stressfree.

The generalsolution follows exactly along the lines of a disk acted on by forces

alonga chord, which is not the diameter of the disk. A considerationof a singleforce

tells us what the additional factor should be. The situation is illustrated in Figure

7.3. Weassumea radial stresssolution of the sameform asthe half plane. At point M

on the circumference,the compressive load is ( 2F
� ) cos� 1

r 1
, along the direction AM. Let

O be the origin of polar coordinates, and the distancesand anglesare measuredas

shown in Figure 7.3. The stressacting on the the element tangential to the boundary

at point M can be calculatedfrom observingthat the anglebetweenthe normal MO
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Figure 7.3: Point forceon a disk along a chord.

to the element and the direction r 1 is �
2 � � 2. Then we use the formula for the

projection of stressalong any direction � :

� r = � r r cos2 � (7.12)

� � = � r r sin� cos� (7.13)

To �nd the normal and the tangential components at M, we substitute �
2 � � 2 for

� , and obtain:

� r r = �
2F
�

cos� 1

r1
sin2 � 2 (7.14)

� r � = �
2F
�

cos� 1

r1
sin� 2 cos� 2 (7.15)

From the triangle AMN, r 1 = dsin� 2, where d is the diameter of the disk, the

above equationscan be written as:

� r r = �
F
� d

sin(� 1 + � 2) �
F
� d

sin(� 2 � � 1) (7.16)

� r � = �
F
� d

cos(� 1 + � 2) �
F
� d

cos(� 2 � � 1) (7.17)
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This is the stressacting on the boundary element at M. It can be consideredas

a superposition of three stresses:

� A normal stressuniformly distributed along the boundary:

�
F
� d

sin(� 1 + � 2) (7.18)

� A shearingstressuniformly distributed along the boundary:

�
F
� d

cos(� 1 + � 2) (7.19)

� A stresswhosenormal and tangential components are:

�
F
� d

sin(� 2 � � 1) and �
F
� d

cos(� 2 � � 1) (7.20)

The angle between the force F and the tangent at M is � 1 � � 2, therefore the

stressesin equation 7.20 are of magnitude F
� d , and act in the direction opposite to

the direction of force F.

Now if we have a number of forces acting on a disk in static equilibrium, we

assumeas before that each of them producesa radial stressdistribution. Then the

stressesthat needto be applied at the boundary in order to maintain such a stress

distribution are, from equation 7.18,equation 7.19,and equation 7.20:

� A normal stressuniformly distributed along the boundary:

�
X F

� d
sin(� 1 + � 2) (7.21)

� A shearingstressuniformly distributed along the boundary:

�
X F

� d
cos(� 1 + � 2) (7.22)
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� A stresswhoseintensity and direction is obtained by the vector sum of expres-

sionsequation7.20,wherethe summationis over all the forceson the boundary.

where,
P

is the sum over all the forcesacting on the disk.

Now the sum of the torqueswith respect to the center of the disk, due to all the

forcesis given by:

X F cos(� 1 + � 2)d
2

; (7.23)

which is zerodue to torque balance,which in turn meansthat the tangential stresses

equation 7.22 are zero. Also the third contribution to the stresses,the vector sum

of equation 7.20 is zero due to force balance. Therefore we are left with only one

additional term, equation 7.21. The e�ect of this term can be nulli�ed by adding a

uniform tension of magnitude:

X F
� d

sin(� 1 + � 2) (7.24)

to the sum of radial distributions. In the end, the total stress�eld inside the disk

due to any number of arbitrary forces is given by:

� r r = �
X

i

2Fi

�
cos� i

r i
+

X

i

Fi

� d
sin(� 1 + � 2) i (7.25)

� r � = 0 (7.26)
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