
Physics 162 Assignment 11

Made available: Monday, April 6, 2015
Due: Sunday, April 12, 2015 by 2 pm

1. A current I flows left-to-right through a long straight horizontal copper wire of negligible diameter.
The wire in turn is covered with a thin plastic insulator (also of negligible thickness) that is positively
charged with line density λ > 0. A mosquito initially at rest a distance d from the wire would like to
move in such a way so as to experience an electric field but not a magnetic field.

(a) With what speed v and in what direction should the mosquito fly to experience no magnetic field?

(b) Discuss qualitatively whether the new electric field that the mosquito senses will be bigger or
smaller in magnitude than the electric field that the mosquito senses when the mosquito is at rest.

(c) By an order-of-magnitude estimate of the speed v using nearest powers of ten for values I = 1 A,
λ = 1nC/cm, and d = 1 cm, discuss whether an actual mosquito could fly in such a way so as to
not experience the magnetic field of this wire.

2. In this problem, you get a flavor of how one can use special relativity to understand how electric fields
and magnetic fields transform from one frame of reference to another when one frame is moving at
a constant but arbitrary speed v compared to the other frame. (The Knight book discusses only the
Galilean or non-relativistic case v ¿ c.) In an optional challenge problem below, you can explore these
ideas further to derive from Coulomb’s law the general form of Biot-Savart’s law, see Eq. (24) below,
which reduces to the familiar Biot-Savart law for particles moving slowly compared to the speed of
light, with respect to a particular observer.

To start the discussion, consider a laboratory frame of reference such that, at a certain point P in
space and at a certain time, electric and magnetic field vectors E(P ) and B(P ) are measured at P .
Also consider a second “prime” frame of reference that is moving by the first frame of reference along
some x-coordinate axis with constant speed v, so the frame’s velocity is v = vx̂. A person in this prime
laboratory will generally measure different electric and magnetic fields at the same location P , E′(P )
and B′(P ). It can shown1 (generalizing arguments given in class), that electric and magnetic fields
measured in the prime laboratory are related to electric and magnetic fields measured in the non-prime
laboratory by these rules:

E′
x = Ex, E′

y = γ (Ey − vBz) , E′
z = γ (Ez + vBy) , (1)

B′
x = Bx, B′

y = γ
(
By +

v

c2
Ez

)
, B′

z = γ
(
Bz − v

c2
Ey

)
, (2)

where the relativistic gamma parameter γ ≥ 1 is defined by

γ =
1√

1− (v/c)2
. (3)

(a) Show that these fully relativistic transformations, Eqs. (1)-(2), reduce to the non-relativistic
transformations Eq. (34.10) on page 1007 of Knight

EB = EA + vBA ×BA, (4)

BB = BA − 1
c2

vBA ×EA, (5)

1If you are interested, details are given in the textbook used in the Physics 362 course, “Introduction to Electrodynamics
3e” by David Griffiths.
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for speeds v small compared to the speed of light, v ¿ c. Make sure to explain clearly how the
notation of Knight and the above notation are related to one another.

(b) Using the relativistic transformation equations Eq. (1) and (2), show that

E′ •B′ = E •B (6)

where
E •B = ExBx + EyBy + EzBz (7)

is the dot product of the electric and magnetic fields of a given frame of reference at a given point
in space at a given time. Eq. (6) states that the number E •B is, like the value of the charge of a
particle, a relativistic invariant2 in that it has the same value in all inertial frames of reference.
The invariance of E •B implies that if E is perpendicular to B at some point P in a certain
frame of reference (so E •B = 0), then the fields are perpendicular at P in all other frames of
reference. This is why one can say that “light is a transverse electromagnetic wave” independent
of the observer. The invariance of Eq. (6) further implies that if E = 0 or B = 0 everywhere in
some frame of reference (the cases respectively of a pure magnetic electric or pure electric field),
then the electric and magnetic fields will be be perpendicular at all points in space for any other
inertial frame of reference.

3. Show that the displacement current inside a parallel-plate capacitor can be written as CdVC/dt where C
is the capacitance of the capacitor and Vc is the potential difference across the plates.

Then estimate the displacement current to the nearest power of ten (without using a calculator!) for
a parallel-plate capacitor with circular plates of diameter D = 5.0 cm, plate spacing d = 0.5mm, and
potential difference V (t) increasing with the constant rate 500, 000V/s. Answer: I ≈ 10 µA.

4. An electromagnetic wave traveling in vacuum has frequency f = 100 MHz and magnetic field B(z, t) =
(1.00× 10−8 T) cos(kz− ωt)̂i.

(a) Find the wavelength λ and the direction of propagation of this wave.

(b) Give an expression for the electric field vector E(z, t) of this wave.

(c) Use the Poynting vector S to find the intensity I of this wave.

5. Two short problems related to waves:

(a) For an arbitrary smooth function f(x) of a single variable (“smooth” means that the function f has
as many derivatives as needed for any physical argument), for a given wave vector k = (kx, ky, kz),
and for a given angular frequency ω, show that the expression

u(t, x, y, z) = f(k •x− ωt), (8)

satisfies the three-dimensional wave equation

1
v2

∂2u

∂t2
= ∇2u =

∂2u

∂x2
+

∂2u

∂y2
+

∂2u

∂z2
, (9)

where the constant velocity v of the wave is given by

v =
ω

k
, k =

√
k2

x + k2
y + k2

z . (10)

The meaning of f(k •x−ωt) is that of a “plane wave”, which means that the region in space where
the wave has a particular vector value forms an infinite flat plane perpendicular to the direction

2There is only one other relativistic invariant that can be constructed from E and B fields, the quantity E2 − c2B2. See if
you can verify this fact on your own.
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of motion. You can see this by choosing the x-axis of a coordinate system to be parallel to the
wave vector k in which case k •x = kx and x now measures distance along the direction of k.
Then f(kx− ωt) has the meaning of rigid translation of the shape of the function f(x) along the
direction k with constant speed v = ω/k and since f(x, t) does not depend on variables y and z
perpendicular to x, the wave has the same value f(x, t) for all possible points (x, y, z) with x
fixed, which is a plane perpendicular to the x axis.
If in addition the function f(x) is periodic with period 2π in x, then 2π/ω is the period of the
wave in time and 2π/k is the period in space (wavelength). (Don’t worry if this doesn’t make
sense the first time around (or even the second), such expressions for waves are indeed abstract
and difficult to appreciate.)

(b) In this problem, you see how Gauss’s law implies that a propagating electromagnetic wave must be
a transverse wave, with its electric and magnetic field vectors oriented perpendicular to the direc-
tion of propagation. This problem gives you a sense of how scientists can carry out a mathematical
analysis of Maxwell’s equations to obtain physical insights.
First, a little bit of multivariate calculus background, which you don’t need to understand for
this course but will help you see where the key result Eq. (14) below comes from. By evaluating
Gauss’s law ∫

S

E • dA =
1
ε0

Qencl =
∫

V

ρ(x) dV

ε0
, (11)

over a bubble with surface S that encloses region of space of volume V , and by using the so-called
divergence theorem of multivariate calculus

∫

S

E • dA =
∫

V

∇ •E dV, (12)

to convert a surface integral over the surface S of a bubble to a volume integral over the volume V
enclosed by the bubble, we can equate the right side of Eq. (11) to the right side of (12) and
combine the integrals into a single volume integral by subtraction to get

∫

V

(
∇ •E− 1

ε0
ρ

)
dV = 0. (13)

Since this must hold for any bubble, it must hold for an infinitesimally small bubble at any point
in space, which in turn can only be true if the integrand itself vanishes everywhere. We conclude
that at all points in space, the following partial differential equation for the electric field must
hold:

∇ •E =
∂Ex

∂x
+

∂Ey

∂y
+

∂Ez

∂z
=

ρ

ε0
. (14)

This is the so-called differential form of Gauss’s law and is the form that is used in most theoretical
analyses of Maxwell’s equation.
This is where you come in: if the electric field is some plane wave of the form

E(t, x, y, z) = E0f(k •x− ωt), (15)

where E0 is some constant vector and f(x) is some smooth function, and if the wave
is traveling in vacuum so that the charge density ρ in Eq. (14) is zero, use Eq. (14) and
Eq. (15) to show that

E0 •k = 0. (16)

This result shows the the electric field is a transverse wave, perpendicular to the direction of
motion which is along k̂. Because ∇ •B = 0, a magnetic field plane wave must also be transverse
to the direction of motion. With just a bit more work (skipped here), one can use another Maxwell
equation in differential form to show that electric and magnetic plane waves must be perpendicular
to each other, as was assumed in the Knight book.
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6. Interplanetary space contains many small particles called interplanetary dust. It turns out that radi-
ation pressure from a star like the Sun sets a lower limit on the size of such dust particles that can
be observed after long times in the solar system, and indeed only dust particles above a certain mini-
mum size have been observed. To understand this lower limit, consider a black (completely absorbing)
spherical dust particle of radius R and mass density ρ.

(a) Write an expression for the gravitational force Fg exerted on this particle by the sun’s mass MSun

when the particle is a distance r from the Sun.

(b) Let L represent the luminosity of the Sun, that is the total power emitted by the Sun in the form
of light. Find the force exerted on the particle by solar radiation pressure, remembering that the
intensity of the light decreases with distance r.
Note: you can use without proof that the total force on a sphere of radius R due to the pressure p
of a light source (for which you need to further assume that the light intensity from the source is
approximately constant over the surface of the sphere, i.e., the sphere’s radius R is small compared
to the distance of the sphere to the source of light) is p(πR2) as if the sphere were a flat disk of
radius R perpendicular to the direction of the light.

(c) Find an expression for the critical particle radius Rc such that the forces related to gravitational
attraction and radiation repulsion are equal in magnitude so that the particle will sit still in
space. Show that particles with R > Rc will fall into the Sun (unless they are orbiting the Sun
and smaller particles will eventually leave the solar system.
According to your answer, does the value of Rc depend on far the particle is from the Sun?

(d) To the nearest power of ten, evaluate your size threshold Rc given that dust particles are tiny
rocks with mass densities ρ ≈ 3 × 103 kg/m3 (three times the mass density of water), and given
that LSun ≈ 4× 1026 W.

7. A point light source radiates light uniformly in all directions (isotropically) with power P . If this light
source is a distance d from an infinite perfectly reflecting plane, show by a suitable integration that
the force F that the radiation pressure exerts on the plane is given by F = P/c. Estimate this force
to the nearest power of ten for P = 1 MW (MW = megawatt) and d = 1m.

8. A beam of light is a mixture of linearly polarized light with intensity IL and of unpolarized light with
intensity IU . The beam is sent through a linear polarizer whose plane is perpendicular to the beam.
When the polarizer is rotated through all possible angles around the axis of the beam, the transmitted
intensity is found to vary by a factor of 5. What is the ratio IL/IU?

9. A plane monochromatic electromagnetic wave travels in vacuum such that its magnetic field for z ≤ 0
is given by B = B0 cos(kz − ωt)x̂. This wave strikes an ideal linear polarizer that coincides with the
xy-coordinate plane (i.e., the polarizer is the plane z = 0), and its transmission axis lies along the
direction x̂ + ŷ. What is the mathematical form of the magnetic field B for z > 0?

10. Time to Complete This Assignment

To one significant digit, please give the time in hours that it took you to complete this homework
assignment.

11. Optional Challenge Problems

(a) Challenge problem 11.1: We will discuss in class how one can sail away from a star using a
“light sail”, a huge thin low-mass reflective sheet that the light from the Sun pushes (through
light pressure) much like wind pushes the sail of a sailboat. So it is easy to move away from
the Sun but also easy to move towards the Sun by simply tilting the light sail until its normal is
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perpendicular to the line drawn between the Sun and light sail, at which point there is no outward
force and gravity pulls the light sail inwards.
But this raises the question of this challenge problem: how is it possible for an actual sailboat to
sail “upwind”, opposite to the direction that the wind is blowing?
A hint is that this is not possible unless the sailboat has a keel, a large underwater rigid planar
fin attached along the axis of the boat. A second hint is to assume an ideal case of a perfectly
rigid flat sail and a perfectly rigid flat keel. A sailor can change the angle of the sail relative to
the axis of the boat and also independent change the axis of the boat relative to the direction of
the wind.

(b) Challenge problem 11.2: Continuing the previous challenge problem regarding light sails: scien-
tists have proposed covering the Moon with many solar-powered lasers to propel a light-sail-based
spaceship to nearby stars.

i. Using order-of-magnitude estimates, estimate as many details as you can regarding how many
lasers, how much total power, and how big a light sail would be needed to accelerate a
spaceship to a speed of 0.9c to visit the Alpha Centauri star system four light years away.

ii. There will not be any lasers waiting at Alpha Centauri to slow the light sail down upon
arrival. Can you figure out a way to slow down the space ship so that it could enter orbit
around the star?

(c) Challenge problem 11.3 Consider planar light waves of intensity I impinging on a black (perfectly
absorbing) rigid closed surface of arbitrary shape (think of a balloon of some general irregular
shape). Is the total force acting on the surface simply PA = (I/c)A where A is the projected area
of the surface on a plane perpendicular to the motion of the light, i.e. is the total pressure what
you would get if you applied the light pressure to the “shadow” on the plane of the 3D surface?

(d) Challenge problem 11.4 Explore two aspects of AC circuits further:
i. Invent and solve a problem involving multiple AC voltage sources with the same angular

frequency ω, and involving multiple wire junctions so that one needs to use Kirchoff’s loop
and junction laws to find the currents flowing through all of the circuit elements. Also try to
find a way to verify that using complex amplitudes for this more complicated case gives the
correct solution for the time dependences of the currents in each branch.

ii. Explore to what extent you can use complex amplitudes and complex impedances to solve
non-transient AC circuits that involve two or more sinusoidal voltage sources such that the
angular frequencies of the sources are not all identical.

(e) Challenge problem 11.5 Continue the discussion of Problem 1 above to derive the Biot-Savart
law for the magnetic field generated by a moving point charge by carrying out the following steps:

i. Assume that a point particle with charge q lies motionless at the origin of some frame of
reference so that the charge’s electric field E at some point P = (x, y, z) is given by Coulomb’s
law:

Ex(x, y, z) =
Kq

r2
r̂ =

Kq

r3
(x, y, z), r =

√
x2 + y2 + z2. (17)

Assume also that the rest of space is empty so that B = 0 in this frame of reference.
Use Eq. (1) to show that the electric field E′ at the same point P has coordinates:

E′ =
Kq

r3
(x, γy, γz) (18)

This result confirms what was derived heuristically in class by looking at the contraction of
a plate capacitor: electric field components parallel to the direction of motion do not change,
while electric fields perpendicular to the direction of motion increase by a factor of γ.
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ii. Eq. (18) is a “mixed-up” equation in that it uses quantities from two frames of reference
(E′ from the prime frame and (x, y, z) from the original laboratory frame); it is generally
more useful to express physical equations in terms of observables from a single frame of
reference. Special relativity3 tells us that the coordinates (x′, y′, z′) of the same point P in
the moving frame of reference are not the same, and they are related by the so-called Lorentz
transformations which here take the form:

x = γ (x′ + vt) = γR′x, (19)
y = y′ = R′y, (20)
z = z′ = R′z, (21)

where R′ is the vector that points from the location of the particle to the point P at time t.
Use Eqs. (19)-(21) to rewrite Eq. (18) in terms of the coordinates (x′, y′, z′) and
so show that the electric field E′ in the new frame of reference is parallel to the
vector R′:

E′ =
Kq

(
1− v2/c2

)
[
1− (v2/c2) sin2(θ)

]3/2

R̂′

(R′)2
, (22)

where θ is the angle between the vector R′ and the x′-axis.

Eq (22) is the relativistic expression for the electric field at a point (x′, y′, z′) due to a moving
point particle of charge q. In the limit v → 0, it reduces to Coulomb’s law. In the limit v → c,
it predicts that the electric field is non-spherical and quite different from that expected fro
Coulomb’s: the field lines are “squished” together perpendicular to the direction of motion
and spread out near the direction of motion.

iii. Show from Eqs (1) and (2), that if there is a frame of reference for which the magnetic
field B = 0 is everywhere zero, then the electric field E′ and the magnetic field B′ in some
frame of reference moving by with velocity v are related by:

B′ = − 1
c2

v ×E′. (23)

iv. A point particle with charge q sitting at rest is an example of a frame of reference for which E 6=
0 and B = 0 everywhere. Combine Eq. (22) with Eq. (23) to obtain the magnetic field B′

created by a point charge moving with speed v with respect to some observer at some point R′

with respect to the charge:

B′ =
µ0

4π

qv
(
1− v2/c2

)
sin(θ)

[
1− (v2/c2) sin2(θ)

]3/2

φ̂

(R′)2
, (24)

where the direction φ̂ is parallel to v ×R′.

Eq. (24) is the general relativistic formula for the magnetic field B′ generated by a point
charge moving with velocity −vx̂. For speeds v ¿ c, all terms multiplied by v2/c2 can be
neglected and Eq. (24) reduces to the familiar Biot-Savart law:

B =
µ0

4π

qv × R̂
R2

. (25)

By comparing Eq. (24) with Eq. (25) numerically, you can determine how accurately Biot-
Savart holds for any given problem. For electrons moving with drift speeds v ≈ 0.1mm/s ¿ c,
Biot-Savart holds essentially exactly, but for the relativistic protons in the Large Hadron
Collider, you would need the relativistic version Eq. (24) to calculate the magnetic field
generated by the particles in the beam.

3Chapter 36 of the Knight 3e text is a good convenient source for reviewing or learning about special relativity.
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(f) Challenge problem 11.6 For the electric field E′(x′) above, Eq. (22), of a point particle with
charge q moving with constant speed v = vx̂, show that Gauss’s law

∮
E′ • dA = q/ε0 is satisfied

for any spherical bubble of radius r that is centered on the location of the particle at some time t.
This supports a statement I made earlier in the semester, that Gauss’s law is more general than
Coulomb’s law because itholds for moving particles and is consistent with special relativity. Your
calculation also shows that Gauss’s law holds for electric fields that are not spherically symmetric
and that do no obey an inverse square law.
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