
Physics 162 Assignment 10

Made available: Sunday, March 29, 2015
Due: Sunday, April 5, 2015 by 2 pm

1. Summary of your TUNL Tour In a brief essay of at least 400 words, please summarize what you
saw and learned from your tour of TUNL (Triangle Universities Nuclear Laboratory) this Thursday
afternoon, April 2. In your essay, you need to mention at least two specific examples of physics that
you have learned in 162 so far this semester that are being used in TUNL research. For example,
don’t just say “TUNL uses magnetic fields”, mention some specific example you saw that involved the
creation or use of magnetic fields.

You should provide enough detail in your essay that it will be clear to me that you personally attended
and learned something from your tour, as opposed to just collecting some facts using the TUNL
webpage and the Internet.

Note: you are welcome to type up your tour summary in your favorite word processor and then attach
a printout of your summary with the other parts of your homework assignment.

2. The Physics 162 Bootcamp on Complex Numbers

Complex numbers simplify and clarify various physics problems involving alternating current (AC)
circuits. Knowing how to manipulate expressions containing complex numbers will also prove useful
to you when we discuss wave interference in 2-3 weeks and later on in many physics, engineering
and applied math courses that discuss waves, mechanical stability, electrodynamics, and quantum
mechanics.

At this point in 162, the key benefit of using complex numbers is that you can analyze an arbitrary
non-transient single-frequency AC circuit involving inductances, capacitances, and resis-
tors as if you had a DC (direct current) circuit with only resistances provided that you use
complex-valued voltages and complex-valued resistances. The same rules you learned earlier for series
and parallel combinations of resistors and for using Kirchhoff’s junction and loop rules work the exact
same way, although you will have to interpret the complex-valued voltages and currents differently to
relate your answers to actual experiments.

The following tutorial problem is designed to help you develop the necessary skills with complex
numbers and should be straightforward since manipulating complex numbers is no more difficult than
manipulating expressions involving square roots. Please take the time to work through and understand
the details, they are worth your effort, they should actually be interesting, and they will help you greatly
in becoming familiar with and fluent with complex numbers.

The parts of the tutorial that require you to carry out and hand in some calculation are written in
underlined bold font like this, so look below for this format to see what you are actually supposed to
do.

A complex number z is defined to be an expression of the form

z = x+ iy, (1)

where x and y are real numbers and where1 i is a square root of −1 so that i2 = −1. (Don’t be
intimidated, Eq. (1) is no more complicated or scary than writing an expression of the form 1+2

√
3.)

The number x is called the real part of the complex number, the number y is called the imaginary
part of the complex number. A complex number for which y = 0 is called “real” and a complex

1Some students have asked me what is the difference between physicists and engineers. There is no simple answer, there are
physicists who do engineering-like projects and engineers who study physics-like questions, but one defining difference is that
the engineering community uses the symbol j rather than i to denote a square root of -1.
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number for which x = 0 is called “imaginary” or “purely imaginary”. (This is a terrible and unfortunate
historical naming convention, there is nothing imaginary or pretend about imaginary numbers.) Please
note that, by definition, the imaginary part of a complex number x+ iy is the real number y, not the
imaginary number iy.

Two complex numbers z1 = x1 + iy1 and z2 = x2 + iy2 are defined to be equal, z1 = z2, if and only if
their real and imaginary parts are equal, x1 = x2 and y1 = y2. The sum z1+z2 of two complex numbers
is what you would expect based on the usual rules of algebra (treating i like any typical number) and
corresponds to adding their real and imaginary parts like this:

z1 + z2 = (x1 + iy1) + (x2 + iy2) = (x1 + x2) + i (y1 + y2) . (2)

Similarly, the product z1z2 of two complex numbers is what you expect based on the usual algebraic
manipulations provided that you remember that i2 = −1:

z1z2 = (x1 + iy1) (x2 + iy2) (3)

= x1(x2) + x1(iy2) + (iy1)x2 + (iy1)(iy2) (4)

= x1x2 + ix1y2 + iy1x2 + i2y1y2 (5)

= (x1x2 − y1y2) + i (x1y2 + x2y1) . (6)

The real-valued function Re(z) of the complex number z (pronounced “real of z”) is defined to be the
real part of a complex number z = x+ iy, namely the number x, while the real-valued function Im(z)
(pronounced “imaginary of x”), is defined to be the imaginary part of z, namely the real number y.
You should make sure that you understand why:

z = Re(z) + iIm(z). (7)

Re(Im(z)) = Im(z). (8)

Im(Re(z)) = 0. (9)

Re(z1 + z2) = Re(z1) + Re(z2). (10)

Im(z1 + z2) = Im(z1) + Im(z2). (11)

Re(z1z2) = Re(z1)Re(z2)− Im(z1)Im(z2). (12)

Im(z1z2) = Re(z1)Im(z2) + Im(z1)Im(z2). (13)

So generally Re(z1z2) ̸= Re(z1)Re(z2) and Im(z1cz2) ̸= Im(z1)Im(z2).

The complex conjugate z∗ (usually pronounced as “z star” but some times as “z conjugate”) of a
complex number z is defined to be the complex number

z∗ = x− iy, (14)

obtained by reversing the sign of the imaginary part. The real-valued non-negative magnitude of a
complex number, denoted by |z|, is defined to be

|z| =
√
x2 + y2. (15)

The magnitude is also called the absolute value, size, modulus, or length of a complex number in
different contexts and by different communities (e.g., mathematicians vs physicists).

(a) Show that:
z is real ⇔ z = z∗. (16)

z is imaginary ⇔ z = −z∗. (17)

(z1 + z2)
∗
= z∗1 + z∗2 . (18)

(z1z2)
∗
= z∗1z

∗
2 . (19)
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|z|2 = |z∗|2 = zz∗ = z∗z. (20)

|z1z2| = |z1| |z2|. (21)

Re(z) =
1

2
(z + z∗) . (22)

Im(z) =
1

2i
(z − z∗) . (23)

Note that there are two ways to demonstrate the often used relation Eq. (21). One way is to use

directly the definition |x+ iy| =
√
x2 + y2, but a more efficient and clever ( and so recommended)

way is to prove that the square of Eq. (21) holds, |z1z2|2 = |z1|2|z2|2 and then use Eq. (20) to
write |z1z2|2 = (z1z2) · (z1z2)∗ and you should be able to finish the argument from here by using
Eq. (19) and the associative property of multiplication of complex numbers. In your homework,
please include both ways so that you can see why the latter way is faster and more general than
the former way.

The above results explain why it is often useful to work with the complex conjugate of complex
expressions. For example, the result |z|2 = zz∗, Eq. (20), provides a quick way to compute the
reciprocal of a complex number by solving for 1/z like this:

1

z
=

z∗

|z|2
, (24)

or in terms of the real and imaginary parts:

1

a+ ib
=

a− ib

a2 + b2
=

a

a2 + b2
+ i

(
−b

a2 + b2

)
. (25)

Since z1/z2 = z1 × (1/z2), Eq. (21) provides a quick and practical way to compute the magnitude
of the ratio of two complex numbers as the ratio of their magnitudes:∣∣∣∣z1z2

∣∣∣∣ = |z1|
|z2|

, (26)

since one avoids calculating explicitly the complex number z1/z2 in the form x+ iy. For example,∣∣∣∣a+ ib

c+ id

∣∣∣∣ = |a+ ib|
|c+ id|

=

√
a2 + b2√
c2 + d2

=

(
a2 + b2

c2 + d2

)1/2

. (27)

(b) If p(x) is a polynomial of degree N with real coefficients, so has the form

p(x) = c0 + c1x+ c2x
2 + · · ·+ cN−1x

N−1 + cNxN (28)

=
N∑
i=0

cix
i, (29)

where all the coefficients ci are real numbers, show that if z = a+ ib is a root of this
polynomial so that p(z) = 0, then z∗ is also a root, so that p(z∗) = 0.

Note: if you are not comfortable working with general expressions like Eq. (28), it will be fine
for you to show the truth of this statement for the case N = 2, which corresponds to a quadratic
equation

p(x) = a+ bx+ cx2, (30)

where the coefficients a, b, and c are real numbers. Thus you want to show again that if p(z) = 0
for Eq. (30), then p(z∗) = 0.
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To get started, assume that z = a+ ib is a complex number such that p(z) = 0 and then take the
complex conjugate of both sides to get [p(x)]∗ = 0∗ = 0. Now use the above relations Eqs. (16)–
(19) multiple times to express [p(z)]∗ in terms of z∗ = a− ib.

This important result says that, for real polynomials and also for real-valued functions, complex-
valued roots always come in pairs, z± = a ± ib. (The proof for some real function f(x) can be
obtained by considering a Taylor series of f(x) about x = 0, which looks like a polynomial of
infinite degree and your same argument works even in this infinite case, provided the Taylor series
is convergent.) This is an obvious result for a quadratic polynomial via the quadratic equation,
but your argument using complex conjugates is much more general and illustrates how scientists
and mathematicians work with complex numbers.

(c) Show that:
| cos(θ) + i sin(θ)| = 1 (31)

for any real angle θ. Thus Euler’s extremely useful and wonderful formula for x a real number2

eix = cos(x) + i sin(x), (32)

implies that |eix| = 1 for any real x.

(d) Further show that:

|ez| = eRe(z) (33)

for a complex number z = a+ ib.

(e) Use Euler’s formula Eq. (32) to show that

sin(x) =
eix − e−ix

2i
, (34)

cos(x) =
eix + e−ix

2
, (35)

and then use these relations to determine the values of sin(i) and cos(i)

Equations (34) and (35) provide a way to extend the sine and cosine functions to complex argu-
ments. As you will see, they are key to solving non-transient AC circuit problems, in which an oscil-
latory AC voltage of the form Vo cos(ωt) is replaced by the exponential version (V0/2)(e

iωt+e−iωt).

(f) A point (x, y) in the xy-coordinate plane can be thought of as corresponding to the complex
number z = x+ iy. The same point can be described in polar coordinates (r, θ) where you should
know from a previous math course how to convert from polar to Cartesian coordinates like this

x = r cos(θ), (36)

y = r sin(θ), (37)

and from Cartesian to polar like this:

r =
√

x2 + y2, (38)

θ = arctan
(y
x

)
. (39)

With this information, use Euler’s formula Eq. (32) to show that an arbitrary complex
number z = a+ ib can be written in the so-called polar form

z = reiθ, (40)

2You can obtain Euler’s formula informally by substituting ix for x in the Taylor series expansion for the exponen-
tial function ex = 1 + (1/1!)x + (1/2!)x2 + · · · about x = 0, by collecting real and imaginary parts of the series
eix =

(
1− (1/2!)x2 + (1/4!)x4 − · · ·

)
+ i

(
x− (1/3!)x3 + (1/5!)x5 + · · ·

)
and by then recognizing the real and imaginary parts

are the Taylor series for cos(x) and sin(x) respectively.
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where r = |z| =
√
a2 + b2 and θ = arctan(b/a) is always in radians (never in degrees!). The

angle θ in this polar form is also often called the phase or argument of the complex number z,
and there is a commonly used function arg(z), pronounced “arg of z” (for “argument of z”) that
has as its value the phase θ of a complex number z.

Note that while a given polar form reiθ corresponds to a unique complex number z = r cos(θ) +
ir sin(θ), there are infinitely many different polar forms that correspond to a given complex number
in the Cartesian form z = x+ iy. The reason is that reiθ has the same value for different phases
θ+2πn that all differ from θ by an integer multiple of 2π (since ei2πn = 1 for any integer n, which
you should verify). One common way to avoid this ambiguity is to choose the unique phase θ that
lies in the interval −π < θ ≤ π.

The polar form Eq. (40) is useful when one wants to emphasize the magnitude and direction of a
complex number, for example when one wants to interpret a complex number as a two-dimensional
vector in the xy plane. The polar form also helps one to understand the effect of multiplying one
complex number by another. If one multiplies an arbitrary complex number x + iy by another
complex number of the form reiθ, the effect is to stretch the size of x+ iy by the factor r, and to
rotate the vector (x, y) corresponding to x+ iy by the angle θ counterclockwise around the origin.
In particular, since i = eiπ/2, multiplying any nonzero complex number by i rotates the complex
number 90 degrees counterclockwise.

(g) Use Eq. (32) to find three of the infinitely many distinct values of ii (i raised to the i power),
and give their numerical values to three significant digits.

(h) Finally, graduate from bootcamp by showing me that you can express the
complex number (

5 + 6i

3− 4i

)1+2i

, (41)

numerically in standard form a+ ib and in polar form reiθ, i.e., give the values of a, b, r,
and θ (with θ in radians and separately in degrees) numerically to three significant digits. (To get
a unique polar form, choose all phases to be in the range −π < θ ≤ π.) To check your thinking,
you should get the values a = −0.038 and b = 0.018 to two significant digits

3. A circuit consists of two ideal AC generators and a 25Ω resistor, all in series. The potential difference
across the terminals of one generator is V1 = (5.0V) cos(ωt−α) and the potential difference across the
the terminals of the other generator is given by V2 = (5.0V) cos(ωt+α) where the phase shift α = π/6.

(a) Use Kirchhoff’s loop rule and the trigonometric identity

cos (θ1) + cos (θ2) = 2 cos

(
θ1 + θ2

2

)
cos

(
θ1 − θ2

2

)
, (42)

to write the current in the form
I(t) = I0 cos(ωt+ θ), (43)

where you should give the peak current I0 and the current’s phase shift θ.

(b) Now solve the same problem using complex amplitudes as discussed in class to find the current
in the form of Eq. (43) Since

V1 = V0 cos(ωt− α) = Re
(
V0e

i(ωt−α)
)
= Re

([
V0e

−iα
]
eiωt

)
, (44)

the AC voltages will be represented by time-independent complex amplitudes likes this:

V1(t) → Ṽ1 = V0e
−iα, V2(t) → Ṽ2 = V0e

iα, (45)
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where V0 = 5V and α = π/6, while the unknown current I(t) will be represented by its own
time-independent complex amplitude

I(t) → Ĩ = |Ĩ|eiϕ. (46)

Now apply Kirchhoff’s loop rule using the complex amplitudes and using the impedance for a
resistor ZR = R and solve for Ĩ, from which you can deduce the experimentally observed current
from

I(t) = Re
(
Ĩeiωt

)
. (47)

You should find that you get the same answer as in part (a) above.

(c) Use this complex amplitude approach to find the current in the form Eq. (43) if α = π/4 and
the amplitude V0 of V2 is increased from 5V to 7V so that the two AC sources have different
magnitudes of their amplitudes.

4. Consider using an American 60W, 120V, light bulb in Europe, where electrical wall sockets provide
an alternating voltage source with Vrms = 220V and f = 50Hz, in contrast to American wall sockets
for which Vrms = 120V and f = 60Hz.

(a) How bright will the bulb be compared to using the same bulb in the United States? (Assume
brightness is proportional to power dissipated and that the impedance of the bulb is constant.)

(b) Using complex numbers, determine what inductance L in henrys you should connect to the bulb
in series so that the light bulb in Europe produces the same amount of light as in the United
States.

(c) Explain briefly why it is advantageous to correct the bulb with an inductor rather than with
a resistor. Would using a capacitor in place of an inductor have any advantage over using an
inductor?

5. A series circuit consists of an AC voltage source E1 cos(ωt), a battery with emf E2, and a resistor with
resistance R. Find expressions for the maximum, minimum, average, and rms values of the current I(t)
in the resistor.

Note: this is a simple brief problem and does not require use of the complex amplitudes for nontransient
AC circuits. Instead, the sum of the voltage changes around a closed loop must be zero so just apply
Kirchhoff’s loop rule to this simple series circuit and solve directly for the current I(t).

Note: To confirm that your answers are correct your expressions for the values E1 = 20V, E2 = 18V,
and R = 36Ω, should give respectively for the maximum, minimum, average, and rms values of the
current I(t) in the resistor are respectively the approximate values 1.06 A, -0.06 A, 0.5 A, and 0.64 A.

6. These four curves
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are plots versus time t in some order of the applied voltage V (t) and of the voltage differences ∆VR(t),
∆VL(t), and ∆VC(t) across respectively the resistor, inductor, and capacitor of a series RLC AC circuit.
Determine which curve is which, and determine whose impedance is larger, the inductor’s or the
capacitor’s.

7. In this AC circuit consisting of a resistor and capacitor in series

the AC generator has positive amplitude Vi (so its voltage difference V (t) can be written in the form
Vi cos(ωt+ϕ)) and Vo denotes the positive amplitude of the voltage difference across the capacitor (the
“output” voltage). Which one of the curves in the following figure describes the gain G(ω) = Vo/Vi as
the generator frequency ω is varied, and justify your answer briefly?

8. Which two of the following circuits are high-pass filters (and briefly justify your answer)?

(a) I and II (b) I and III (c) I and IV (d) II and III (e) II and IV.

Note: to solve this problem, imagine connecting an AC voltage source V0 cos(ωt) to the input leads,
then consider ow the voltage difference across the output leads varies with the angular frequency ω.
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9. Consider the following AC circuit consisting of an AC voltage source V (t) = V0 cos(ωt), a resistance R,
an inductance L, and capacitance C as shown:

(a) Calculate the total current I(t) = I0 cos(ωt + ϕ) in this circuit as measured by an oscilloscope.
For the peak current, you should find the value

I0 =
∣∣∣Ĩ∣∣∣ = V0√

R2 +
(

1
ωL − ωC

)−2
, (48)

and you need to give some expression for the phase ϕ.

(b) Determine the limiting values of the peak current I0(ω), Eq. (48), in the zero frequency
limit ω → 0, and in the infinite frequency limit ω → 0, and discuss briefly how these limits
are physically reasonable. Also determine where I0(ω) has extrema (minima or maxima). Based
on this information, make a qualitative sketch of I(ω) versus ω, and then discuss briefly whether
this circuit shows the phenomenon of resonance or instead acts like a low-pass, high-pass, band-
pass, or some other kind of filter.

(c) Determine whether the AC voltage V (t) and current I(t) can ever be in phase for some choice of
the parameters R, L, and C.

(d) Calculate the total rms power consumed by this circuit in terms of V0, R, L, C, and ω in two
ways;

i. As the time-averaged power

⟨V (t)I(t)⟩ = (1/T )

∫ T

0

V (t)I(t) dt = VrmsIrms cos(ϕ), (49)

produced by the AC source, where ϕ is the phase of the total current with respect to the
voltage source, that is Ĩ = |Ĩ|eiϕ.

Note that if ϕ = tan−1(b/a) where Ĩ = a+ ib, then you can use trigonometry to deduce that
cos(ϕ) = a/

√
a2 + b2, so you know cos(ϕ) explicitly in terms of the real and imaginary parts

of the complex amplitude Ĩ.

ii. As the time-averaged power ⟨I2R⟩ dissipated by the resistor.

You should get the same value in both cases (do you understand why?).

10. Time to Complete This Assignment

To one significant digit, please give the time in hours that it took you to complete this homework
assignment.

11. Optional Challenge Problems
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(a) Challenge problem 10.1: To help you appreciate the power of complex numbers, solve the following
problem with complex numbers instead of with trigonometry: given a regular N -gon on the unit
circle for N ≥ 2, prove that the product of the lengths of the N − 1 chords from a given vertex to
the other N − 1 vertices is N .

Hint: put one vertex of the N -gon at the point (x, y) = (1, 0) and represent the locations of the
other vertices by successive powers of the Nth root of 1, z = e2πi/N .

(b) Challenge problem 10.2: You have access to many identical strong (1 tesla) coin-sized neodymium
permanent magnets, to many boards and chutes, and to a conveyor belt containing dry solid
waste from the city of Durham that has been chopped into tiny pieces like a fine sand. Using
your knowledge of magnetic induction and eddy currents, explain how to design a device that
will continuously sort this dry waste into three bins: one containing magnetic waste (mainly steel
products), one containing metallic waste that is not magnetic (e.g., copper and aluminum), and
one containing non-metallic waste like paper and glass.

(c) Challenge problem 10.3: A solid metal cylinder of length L and radius R rotates about its axis
of symmetry with angular speed ω. If this rotating cylinder is then placed in a uniform magnetic
field B that is parallel to the axis of the cylinder, what is the resulting charge density ρ(r) inside
the cylinder? Is it possible to choose ω so that ρ = 0 everywhere inside?
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